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ON RELATIVE AND OVERCONVERGENT DE RHAM-WITT 
COHOMOLOGY FOR LOG SCHEMES 


HIRONORI MATSUUE 

Abstract. We construct the relative log de Rham-Witt complex. This is a 
generalization of the relative de Rham-Witt complex of Langer-Zink to log 
schemes. We prove the comparison theorem between the hypercohomology of 
the log de Rham-Witt complex and the relative log crystalline cohomology in 
certain cases. We construct the p-adic weight spectral sequence for relative 
proper strict semistable log schemes. When the base log scheme is a log point, 
We show it degenerates at E 2 after tensoring with the fraction field of the 
Witt ring. We also extend the definition of the overconvergent de Rham-Witt 
complex of Davis-Langer-Zink to log schemes (A, D ) associated with smooth 
schemes with simple normal crossing divisor over a perfect field. Finally, we 
compare its hypercohomology with the rigid cohomology of X \ D. 
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1. Introduction 

The de Rham-Witt complex {WmllylrngN was defined by Illusie 111179 ] for a 
scheme X of characteristic p > 0. He defined it as the initial object of R-pro- 
complexes. When X is smooth over a perfect scheme, the hypercohomology of 
the de Rham-Witt complex computes the crystalline cohomology. Also, Illusie and 
Raynaud [IR83] remarked that one can define the de Rham-Witt complex by using 
the crystalline cohomology sheaf in the process of definition. 

Langer and Zink [ LZ04I extended Illusie’s definition to relative situations. Let S 
be a Z( p )-scheme such that p is nilpotent in S. They defined the log de Rham-Witt 
complex {Wmn^y S } m6 N for a scheme X over S. Their definition is close to that 
of Illusie: In fact, they defined it as the initial object of F-K-pro-complexes. The 
hypercohomology of Langer and Zink’s de Rham-Witt complex also computes the 
crystalline cohomology in smooth cases. 

Olsson [Qls07] extended Langer-Zink’s definition to the case of algebraic stacks. 
He also gave another possible definition of the de Rham-Witt complex via the 
crystalline cohomology sheaf and compared two definitions, but it seems that they 
do not always coincide. 

It is natural to extend the definition of the de Rham-Witt complex to the case 
of log schemes in the sense of Fontaine-Illusie-Kato ( |Kat89] I. which is our main 
interest. Hyodo and Kato lHK94| defined the log de Rham-Witt complex for a 
log smooth log scheme of Cartier type over a perfect field of characteristic p > 0 
by using the log crystalline cohomology sheaf. They also proved the comparison 
theorem to the log crystalline cohomology. 

Nakkajima [Nak051 introduced a theory of formal de Rham-Witt complexes as 
a kind of axiomatization of Hyodo-Kato’s construction. It also covers the cohomo- 
logical construction of the de Rham-Witt complex for smooth schemes with simple 
normal crossing divisor over a perfect field of characteristic p > 0. 

In this paper, we construct the log de Rham-Witt complex for a fine log scheme 
X over a fine log scheme S over Z( p ). We follow the definition of Langer-Zink, 
and construct the log de Rham-Witt complex as the initial object of log F-K-pro- 
complexes. Note that we cannot apply the methods of Hyodo, Kato and Nakkajima 
directly to our log de Rham-Witt complex because their methods seem to be appli¬ 
cable only to the case of perfect base log schemes and because the definition using 
the log crystalline cohomology sheaf seems not to be good in the case of non-perfect 
base log schemes. We prove the comparison theorem between the hypercohomology 
of the log de Rham-Witt complex and the relative log crystalline cohomology in 
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case of relative semistable log schemes and that of log schemes associated to smooth 
schemes with normal crossing divisor. 

Mokrane |Mok93l used the de Rham-Witt complex of Hyodo-Kato to construct 
the (p-adic) weight spectral sequence for the crystalline cohomology of strictly 
semistable log schemes. He proved its ^-degeneration modulo torsion when the 
base scheme is the spectrum of a finite field. Nakkajima [NakOhj extended his result 
to the case where the base scheme is the spectrum of any perfect field by using the 
specialization argument of Illusie-Deligne ( [11175] 1. In this paper, we construct the 
p-adic weight spectral sequence for the relative crystalline cohomology of a relative 
strictly semistable log schemes and prove its ^-degeneration modulo torsion when 
the base scheme is the spectrum of a (not necessarily perfect) field. 

Since our definition of the log de Rham-Witt complex follows that of Langer- 
Zink and differs from that of Hyodo-Kato, the proof of our results is similar to 
that of Langer-Zink and differs from that of Hyodo-Kato and Mokrane. The key 
ingredient is to find certain explicit basis of the log de Rham-Witt complex called 
the log basic Witt differentials in explicit cases, which are generalizations of the 
basic Witt differentials of Langer-Zink. 

We also introduce the notion of the overconvergent log de Rham-Witt com¬ 
plex. Davis, Langer and Zink IDLZllj introduced the notion of the overconvergent 
de Rham-Witt complex for smooth schemes over a perfect held of characteristic 
p > 0. They proved the comparison theorem between its hypercohomology and the 
Monsky-Washnitzer cohomology in the affine case. They also proved that its hyper¬ 
cohomology calculates the rigid cohomology in the case of smooth quasi-projective 
varieties using Grofie-Klonne’s theory of dagger spaces [GKOOj . We first treat the 
case of smooth affine varieties with simple normal crossing divisor over a perfect 
held of characteristic p > 0 such that they admit global coordinates and divisors are 
dehned by the coordinates. We dehne the overconvergent log de Rham-Witt com¬ 
plex in this case and prove the comparison theorem between its hypercohomology 
and the log Monsky-Washnitzer cohomology of Tsuzuki |Tsu99] . More generally, 
we can extend the definition of the overconvergent log de Rham-Witt complex to 
arbitrary log schemes obtained by smooth schemes with simple normal crossing di¬ 
visor. By combining the result of local cases with a result in ITsu99j , we can prove 
the comparison theorem with rigid cohomology. 

The content of each section is as follows: In m we fix notations which we use in 
this paper and give the definition of the crystalline cohomology over non-adic base, 
which we need later. 

In fj3j we define the log version of F-K-procomplexes and the de Rham-Witt 
complex defined by Langer and Zink. We extend their fundamental results to our 
log cases. 

In (jdj we define the log p-basic elements and the log basic Witt differentials 
in specific cases. They are generalizations of the p-basic elements and the basic 
Witt differentials dehned in II.Zl) 1 §2.1, 2.2. We prove that any element of the 
log de Rham-Witt complex is written as a convergent sum of the log basic Witt 
differentials. The notion of the basic differentials is a powerful tool for us and it 
plays a role in proofs in the later sections. 

In )j5j we give the definition of log Witt lifts and log Frobenius lifts for log smooth 
log schemes. We prove that there exists a log Frobenius lift etale locally. 

In We construct the comparison morphism between the log crystalline coho¬ 
mology and the hypercohomology of the log de Rham-Witt complex for log smooth 
log schemes using log Frobenius lifts. 

In c[TJ we prove the comparison theorem for smooth schemes with normal crossing 
divisor and semistable log schemes. 
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In fj8j we define the weight filtrations of the log de Rham-Witt complex and 
construct the p-adic Steenbrink complex for proper semistable log schemes over 
arbitrary base. The p-adic Steenbrink complex defines a spectral sequence, which 
we call the p-adic weight spectral sequence. When the base scheme is the spectrum 
of a (not necessarily perfect) field, we prove ^-degeneration after tensoring with 
the fractional field of the Witt ring by using Nakkajima’s specialization method. 

In (j9j we construct the p-adic weight spectral sequence of proper smooth schemes 
with simple normal crossing divisor and prove its ^-degeneration (after tensoring 
with the fraction field of the Witt ring) when the base scheme is the spectrum of a 
(not necessarily perfect) field. 

In j flOl we give the definition of the overconvergent log de Rham-Witt complex 
for a log scheme (A, D) defined by a smooth scheme A' with simple normal crossing 
divisor D over a perfect field k of characteristic p > 0. We see that the overcon¬ 
vergent log de Rham-Witt complex coincides with the overconvergent de Rham 
Witt complex of Davis-Langer-Zink ; 11)1,Z111 j when the log structure is trivial. We 
compare the overconvergent log de Rham-Witt cohomology with the log Monsky- 
Washnitzer cohomology in affine cases, and with the rigid cohomology of X \ D in 
general cases. 

Finally, note that there exist several other variants of the de Rham-Witt complex: 
When p is odd, Hesselholt and Madsen defined the absolute de Rham-Witt complex 
{IF m fl^-} mg N for any Z( p )-scheme X (| IHM03| . l HM04j ). They also proved the exis- 
tance of the absolute de Rham-Witt complex for pre-log rings f |HM03j Proposition 
3.2.2). Hesselholt studied the relation with the Langer and Zink’s relative de Rham- 
Witt complex using A-theoretic methods, with brief sketch also in the logarithmic 
setting ( |Hes05j ). When p is odd and nilpotent in S and X is S-scheme, there is 
a canonical surjective map {WmflYlmeN V/s}™6N from the absolute de 

Rham-Witt complex to the Langer-Zink’s relative de Rham-Witt complex. Cuntz 
and Deninger defined the relative de Rham-Witt complex in arbitrary truncated 
sets by a different approach so that the big and the p-isotypical theories are covered 
( [CD 141 ). It would be an interesting problem to generalize their constructions to 
the case of log schemes, and compare them with our construction. 

We also remark that there are other studies to construct a (p-adic) weight fil¬ 
tration. Nakkajima and Shiho | iNS08 : construct a theory of weights on the log 
crystalline cohomology of a family of open smooth variety. They used the log de 
Rham complex of a lift to define a weight filtration. Nakkajima |Nakl5] applied 
their method to a proper truncated simplicial SNCL (=simple normal crossing 
log) scheme having affine truncated simplicial open covering. Tsuji jTsulO) used 
filtrations of sheaves of 2?-modules to construct a weight spectral sequence for a 
semistable log scheme over a complete discrete valuation ring. It is also an inter¬ 
esting problem to consider their situations using our de Rham-Witt complex and 
to compare with their results. 
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express my sincere gratitude to him for the helpful discussions, reading the draft 
several times and providing valuable suggestions for improvement. This work would 
not have been possible without his advice. I would also like to thank Yukiyoshi 
Nakkajima for sending me his preprint |Nakl5j . 


Notations. We fix a prime number p throughout this paper. All schemes are 
assumed to be defined and separated over Z( p p 
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Let R be a ring. For a W(P)-module N, we write N[ F ] for the W(P)-module 
whose underlying set is N and its module structure is obtained by the Frobenius 
map F : W(R) -A W(R). 

If R is an F p -algebra and L is a sheaf of IY(P)-modules equipped with an en¬ 
domorphism <f> which is P-linear ( F: Frobenius map on W(R)) and r is a negative 
integer, the Tate twist L(r) denotes a sheaf L with the endomorphism p~ r (j). 

We use the convention of Nakkajima about signs. ( jNak05| . Conventions) 

For a Z( p )-algebra R, the ring of Witt vectors of any length W m (R) has a canon¬ 
ical pd-structure on the ideal I = v W m (R ) given by 

n n ~ l 

7 n{ v 0 = l ~r v {C)^ 6 W m ^{R),n> 1. 

We always consider this pd-structure on the ring of Witt vectors. 

For a Z( p )-scheme S and an P-scheme X, {W m VL \y S }meN denotes the de Rham- 
Witt complex constructed in [LZ04] §1.3. 

For a complex (E*, d *) and for an integer n, ( E’{n}, d’{n}) denotes the following 
complex: ( E'{n}) q := E q+n with the boundary morphism d’{n} := d ,+n . 

2. Preliminaries 

2.1. Logarithmic geometry. In this paper, we use freely the terminologies con¬ 
cerning logarithmic geometry in the sense of Fontaine-Illusie-Kato. The basic ref¬ 
erence is [Kat89l. All log schemes are assumed to be fine and separated and defined 
over Z(p). If A is a log scheme, we denote by X the underlying scheme of X. 

Definition 2.1. (1) A pre-log ring is a triple (A, P, a) consisting of a commutative 
ring A, a commutative fine monoid P and a morphism of monoids P —> A where A 
is regarded as a monoid by its multiplicative structure. We usually suppress a in 
the notation. We denote by {*} the trivial monoid. 

(2) If (A,P) is a pre-log ring, Spec(A,P) is the log scheme whose underlying 
scheme is X = Spec A with the log structure associated to the pre-log structure 
P -A Ox induced by the structure map a : P —» A. 

(3) We say (Y, J\f) is a log scheme over a pre-log ring (A, P) to mean that (Y, J\f) 
comes equipped with a morphism of log schemes (Y,Af) —> Spec(A, P). 

Definition 2.2. A morphism (A, P) —>• (P,Q) of pre-log rings is said to be log 
smooth (resp. log etale) if the kernel and the torsion part of the cokernel (resp. the 
kernel and the cokernel) of P sp —► Q gp are finite groups of orders invertible on B 
and the induced morphism A CS>z[p] Z[Q] -A B is an etale ring map. 

We recall the toroidal characterization of log smoothness ( [Kat89] (3.5), [Kat96 
Theorem 4.1): 

Theorem 2.3. Let f : (X,A4) —> ( Y,J\f ) be a morphism of fine log schemes and 
Q —> J\f a chart of Af. Then the following conditions are equivalent. 

(1) f is log smooth (resp. log etale). 

(2) There exists etale locally a chart (P —► A4 ,Q —> M.Q —> P) of f extending 
Q —> Af such that 

(a) The kernel and the torsion part of the cokernel (resp. the kernel and the 
cokernel) of Q sp -A P sp are finite groups of orders invertible on X. 

(b) The induced map X —> Y Xg pecZ [Q] SpecZ [P] of schemes is etale (in the 
usual sense). 

We see if (A, P) -a ( B , Q) is a log smooth (resp. log etale) morphism of pre-log 
rings, the induced map Spec(P,Q) -A Spec(A, P) is a log smooth (resp. log etale) 
morphism of log schemes. 
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Definition 2.4. (1) Let / : A —► S be a smooth morphism of schemes and D C A 
a reduced Cartier divisor. Let j : U := X \ D —> A be the natural open immersion. 
We call D a simple normal crossing divisor (SNCD) (resp. a normal crossing divisor 
(NCD)) if, for any point of z of D, there exist a Zariski open neighbourhood V of 
z in X (resp. an etale morphism V —> X such that the image of V contains z ) and 
the following cartesian diagram of schemes 

D X!b--- 

9 

Y j 

Spec(0 s [Ti,... ,T„]/(Ti • • -T d )) -- Spec(0 s pi, • • • ,T n ]), 

where g is an etale morphism. Let A4x '■= j*° s (0^) be the direct image of the 
trivial log structure on U. The log scheme (X,A4x) is log smooth if D is a NCD. 
By abuse of notation, we write (X,D) instead of (X,Mx)- 

(2) Let S = (S', N) be a log scheme whose log structure is associated to a homo¬ 
morphism N —X T(S, Og); 1 i X 0. The map —* Og[Ti, ..., T n ]/(T\ ■ ■ ■ T d ) given 
by e* i-X Tj defines a fine log scheme Spec(0g[Ti,..., T n ]/(Ti • • • Td), N d ). 

A fine log S'-scheme Y is called semistable (resp. strictly semistable) if etale 
locally (resp. Zariski locally) on Y, the structure morphism / : Y —X S has a 
decomposition 

Y A Spec^p\, • • • ,T„]/(Ti • • • T d ),N d ) 4 5 

with u exact and etale (in usual sense), 1 < d < n, and <5 is induced by the diagonal 
map N —>■ N d . A semistable log S'-scheme is log smooth and integral over S. 

2.2. Witt scheme. Let X be a scheme such that p is nilpotent in X and to be a 
positive integer. 

Definition 2.5. (1) The Witt scheme W rn (X) is the scheme (\X\,W m (Ox)) whose 
underlying topological space is that of X and whose structure sheaf W rn (Ox) as¬ 
sociates to an affine open subset U = Spec R C X the ring of Witt vectors W m (R). 
We identify the underlying topological spaces of A and W m (A”). See Appendix A.l 
of [LZ041 . 

(2) Let a : M —> Ox be a log structure of A'. Then the log Witt scheme 
of the log scheme (X,M,a) is the log scheme (W m (X),W m (M),W m (a)) whose 
underlying scheme W m (X) is the Witt scheme of A, and whose sheaf of monoids 
W m (M) is defined by M. ©ker(M / lr , (Ox) x —> C?£), and whose structure morphism 
W m (a) : W m (M) -X W m (O x ) is induced by M -> W m (O x ),q [a(g)], where 
[a(g)] is the Teichmiiller lift of a(q). We sometimes write W m (X,M.) instead of 
(W m (X),W m (M),W m (a)). 

Definition 2.6. Let ( A , P, a) be a pre-log ring and m a positive integer. 

The Witt pre-log ring of (A, P) is the pre-log ring (W m {A), P) where the struc¬ 
ture morphism is given by P —> W m {A),q i-x [a(g)]. We denote by W m {A,P) this 
pre-log ring. We see Spec W m (A, P) is nothing but the Witt scheme of Spec(A, P). 
We also define a pre-log ring W(A,P) = (W(A),P) in a similar way. 

2.3. Crystalline cohomology over non-adic base. We give the definitions of 
crystalline cohomology and log crystalline cohomology over non-adic base. Let A 
be a -algebra, Ii C A an ideal of A equipped with a pd-structure compatible 
with the canonical pd-structure on pZ( p ) C Z/ p \. Let 

Ad hD I 2 D ■■■ D I m P> Im +1 A • • • 
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be a decreasing filtration of sub pd-ideals satisfying the following condition: For 
all n > 77i, there exists a positive integer a (it may depend on n and to) such that 
T a c I 

Set A m := A/I m and we assume that A is complete for the topology defined by 
{Im}men , that is, A ~ lim m A m . We also assume that Ai is Noetherian and that 
p is nilpotent in Ai. 

A basic example is the Witt vector A = W(R) of a Noetherian Z( p )-algebra R 
in which p is nilpotent and the ideals I m = v W ( R) equipped with the canonical 
pd-structure. 

Let X be a proper smooth scheme over A±. We have a canonical morphism of 
crystalline topoi i mn : ( X/A m ) ciys -A (X/A„) crys for n > m. We say the system 
£ = {£ m }m is a compatible system of locally free crystals of finite rank if for each 
m, £ m is a locally free crystal of finite rank on the crystalline site Crys(X/A m ) and 
for each n > m, i^n^n — £m- 

Definition 2.7. Let R be a ring and D(R) be the derived category of the category 
of complexes of P-modules. 

(1) We call K* £ £>(P) is perfect if K * is quasi-isomorphic to a bounded above 
complex of finite free R modules and it has finite tor dimension. This is equivalent to 
the condition that K * is quasi-isomorphic to a bounded complex of finite projective 
P-modules. 

(2) We call K* £ D{R) is strictly perfect if K * is quasi-isomorphic to a bounded 
complex of finite free P-modules. 

Lemma 2.8. Suppose given K m £ D(A m ) and a map K m+ \ — > K m in D(A m+ 1 ) 
for each m> 1. We assume 

(1) K i is a perfect object, and 

(2) The maps induce isomorphisms 

Rm +1 ^rn t A m . 

Then K = R ljm K m is a perfect object of D(A) and K (g) 1 ^ A m -A K m is an 
isomorphism for all m. 

Proof. Take Pi a bounded complex of finite projective P-modules such that K\ 
is quasi-isomoprhic to Pi. We know I m /I m+ 1 is nilpotent for all to. By IStalBI 
More On Algebra, Tag 09AR, we find inductively for all to a bounded complex 
of finite projective P-modules P m such that there is an isomorphism of complexes 
P m + 1 ®A m+ i A m ~ P m . In this way P m +i has the same amplitude as P m and 
each term of pro-complex P, satisfies the Mittag-Leffler condition. Hence K := 
R ^im K m = (im P m and it satisfies the conditions from the lemma. □ 

Proposition 2.9. (cf. | IStal6j Crystalline Cohomology, Tag 07MX) 

There exists a perfect object RT crys (X/ A, £) in D(A) such that 

crys (X/A,£) m — K.r crys (X/A m ,£ m ). 

Proof. Base change theorem 1 JBQ78] Theorem 7.8) gives 

Rr crys (X/A m+ i,f m+ i) <8>\ m+1 A m ~ RT crys (X/A m ,£ m ) 

for every n. By this result and the comparison theorem f jB078j Theorem 7.1) we 
obtain 

RT crys (X/Ai,£i) ~ RTzar(X, (,£\)x <S>o x ^x/Ai)- 
We show first that RTz ar (X, {£\ perfect- By using the stupid filtration 

on {£\)x ® we are reduced to showing that RTz a r(A', (£i)x <8> ^l q x / Ai ) is 

perfect by |Stalfi] More On Algebra, Tag 066R. It follows from the fact that {£\)x® 
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ft\/ Al i s a locally free sheaf of finite type and X is proper over a Noetherian ring 
A\. Thus we have a perfect object D := R Hm ^ Rr crvs (X/A m , £ m ) and it has the 
property D <g>^ A m ~ Rr crys {X/A m ,£ m ). □ 

We have the same proposition for a proper log smooth integral scheme X (in the 
sense of [Kat89| Definition 4.3) over A±, with A (hence Ai) endowed with a log 
structure. (Use IKat89 ; Theorem (6.10)). 

Definition 2.10. Assume that R is a Noetherian Z( p )-algebra in which p is nilpo- 
tent. 

If X is a proper smooth scheme over R and £ = {£ m }m is a compatible system 
of locally free crystals of X, we define crystalline cohomology of X with coefficients 
£ over W(R) by H* Iys (X/W(R),£) := ’R.*T ciya (X/W(R), £). We define crystalline 
cohomology of X by H* lys (X/W(R)) := H* cvys {X/W{R),O x/w{R] ). 

If ( R , P) is a pre-log ring and X is a log scheme proper log smooth integral 
over (R,P), we define the log crystalline cohomology H* S (X/W(R, P)) in the 
similar fashion. 


Theorem 2.11. Let R be a Noetherian algebra in which p is nilpotent, and 
X be a proper smooth scheme over R. Then we have a canonical isomorphism 

H* cxys {X/W{R)) —¥ H * Zar (X,WW x/R ). 

Proof. Let u m : (X/W m {R)) crys —> Xz al be the canonical morphism of topoi. Using 
the simplicial method (cf. [LZ041 §3.2) we may assume X is embedded in a smooth 
affine scheme Y which admits a Frobenius lift Y m . Let Y m be the pd-envelope of 
the closed immersion X c —^ Y m . From the naturality of the comparison morphism 
of crystalline cohomology and de Rharn cohomology ( [BQ781 Theorem 7.1, Remark 
7.5) we have a commutative diagram 


0 X /W m (R) 


lm-l*0 X / Wm _ 1 (R) 


fit. 

Y m /W m (R) 


O 




Moreover, the Frobenius lift Y m makes the following diagram commutative 

OY m - W m (Oy) 

Wm-1 (Oy)i 


where A* [n = m — l,m) is the map induced by the morphism A n : W n (Y) —> 
Y n in [LZ04j (3.5). Hence we see comparison isomorphisms R u rn *O x /-w m (R) —t 
W rn fl* x / R are compatible with restriction and then obtain the canonical isomor¬ 
phism Rr crys (X/W*(R)) Rr Zar (A,W*U* Y/fl ) in D(N, (W m (R))). Apply Rlim 
to this, then we get the isomorphism Rr crys (A'/W(i?)) -A- RFz a r(A’, WYt* x/Ij ) by 
Proposition 2.9 and [LZ04| Proposition 1.13. □ 


3. Log F-U-procomplexes and log de Rham-Witt complex 

3.1. Log pd-derivations. 

Definition 3.1. ( |OguQ6| Definition 1.1.9) 
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Let 0 be a morphism of pre-log rings 


A 

e b 0 # 

P—^R 

and let M be a S-module. Then a log-derivation of (S, Q)/(i?, P) with values in 
M is a pair (D, <5), where D : S —> M is a derivation of S/R with values in M and 
6 : Q —> M is a homomorphism of monoids such that the following conditions are 
satisfied: 

(1) For every q G Q,D(/3(q)) = P(q)5(q). 

(2) For every p G P, S(9 b (p)) = 0. 

Definition 3.2. Let R be a ring and S an P-algebra. Let I C S be an ideal 
equipped with a pd-structure { 7 n}neN- Let M be a S-module. 

(1) f jLZ04j Definition 1.1) A pd-derivation of S/R with values in M is a deriva¬ 
tion D : S —► M of S/R which satisfies 

D{ ln {b))= ln . 1 {b)D{b) 

for n > 1 and each b G /. 

(2) Let ( R , P) -A (S, Q ) be a morphism of pre-log rings. A log derivation (D : 
S —>• M, <5 : Q —>■ M) is called a log pd-derivation if D is a pd-derivation. 

We denote by Der(/i,p)((5, Q),M) the set of log pd-derivations. The functor 
M i-a Der(fl i p)((5, Q), M) is representable by a universal object 

(d ■ S ->• A( Si Q )/(i?iP) ,(ilog : Q -a A( S q )/(P jP) ), 

where the S'-module A \sq)/(rp ) obtained as the quotient module of the log 
differentials A (sq)/(rp) Ly the submodule generated by all elements d(^ n (b)) — 
7 „_i( 6 )d 6 for b G I,n > 1. 

Definition 3.3. (1) Let R —> S be a morphism of rings. A differential graded 
>S/l?-algebra is a unitary graded S'-algebra 

£ , = 0F 

i> 0 

equipped with an l?-linear differential d : E* -A E* such that the following relations 
hold: 

ujr] = (—1 Y^pco, uj G E l ,r] G E\ 
uj ■ u> = 0 , with i odd, 

d(u;r]) = d(u))r} + (—l)*wd(? 7 ), w G E l , 77 G E\ 
d 2 = 0. 

( 2 ) Let (R,P) —► (S,Q) be a morphism of pre-log rings. A log differential 
graded (S', Q)/{R 1 P)-algebra is a triple (E*,d,d), where (E*,d) is a differential 
graded S/i?-algebra and d : Q —> E l is a morphism of monoids, such that (d : S 
E° ^ E 1 , d) is a log derivation and dd = 0. 

A morphism of log differential graded (S, Q)/(R, P)-algebras / : (E*,d,d) —> 
(E",d', d') is a morphism of differential graded S/i?-algebras / : ( E*,d ) {E'*,d') 
that satisfies & = f o d. 

(3) A log pd-differential graded (S, Q)/(i?, P)-algebra is a log differential graded 
(S, Q)/(R , P)-algebra (E*,d, d) such that d : S —> E° —> E 1 is a pd-derivation. 
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3.2. Frobenius action on log pd-derivations. We consider a continuous (i.e. it 

factors through Wi(S) for some l > 0) W(F)-linear pd-derivation D : W(S ) —>■ M to 
a discrete W(5')-module (i.e. it is obtained by restriction of scalars W(S) —»• Wi(S) 
for some l > 0). By II LZ041 §1.1, we have a map F D : W(5) —> M given by 
£ = [x] + v p i-A [a;^ p_ 1 ^]H([a:]) + D(p),x £ S. Then F D : W(S) M [ F ] is a 

continuous W (F)-linear pd-derivation. We extend this to pre-log rings. 

Let (S,Q) be a pre-log ring and {D,6) : W(S,Q) —► M a W(iZ)-linear log pd- 
derivation. Then the pair ( F D,6 ) is also a log pd-derivation. In fact, for q £ Q, we 
have 

F D(W(a)(q)) = F D([a(q)}) 

= [a(q)^)D({a(q)}) 

= • [<*(?)]«(«) 

= F (W(a)(q))S(q). 

By the universal property of the logarithmic differential sheaf, we obtain a mor¬ 
phism F : ^w m+1 (^s,Q)/w m+1 {R,P) ,Q)/W m {R,P))[F] ^ r0m 

(d, dlog) : (W m (S),Q) —> ^w m {s,Q)/w m {R,p) 
and it satisfies F o (d, dlog) = ( F d, dlog). By definition, we obtain 

F (d0 = ( F d)(£), £ g W m+1 (S), 

F (dlog to) = dlog to, to £ Q, 

F d([x]) = [x] p-1 d[x], x £ S, 
d( F £)=p F d£, £ e W m+1 (5) 

F d( v £) = d£, £e W m (S). 

3.3. Log F-V-procomplexes. Let (R,P) —► ( S,Q ) be a morphism of pre-log 
rings. 

Definition 3.4. A log F-V-procomplex over (R, P)-algebra ( S,Q ) is a projective 
system 

{Em = {E m , D m ,d m ),7T rn \ E m _^_i —> E m } m gN 
of a log differential graded W m (S, Q)/W m (R, P)-algebra (F*,, D rn ,d rn ), 

... -> E* m+1 El -A ... -> El -A El = 0. 

Moreover, {F^} is equipped with two sets of homomorphisms of graded abelian 
groups, 

E ■ Em+1 E m> V : E^ E^ +1 ,?n > 0 , 

and the following properties hold. 

(i) d m are compatible with 7 r m , i.e., d m = 7 r m ° dm+i for any to > 0 . 

(ii) The morphisms W m (S) —► F)^ are compatible with F and V for any m > 0. 

(iii) The restriction maps n m : E ^ are compatible with F and F for 

any to > 1 . 

(iv) Let F^ , F , be the graded W m+ i(5)-algebra obtained via restriction of scalars 
F : W m+ i(iS) -A W m (5 l ). Then F induces a homomorphism of graded W m+ \{S)- 
algebras, 

■f 1 : E m +1 -t -E'mJF]- 
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(v) We have 

fv lo = puj , lo G n > 0, 

F 7W V T A 

-^m+l ^ 

F D m+1 [x\ = [a; p_1 ]E> m [x], x € S, 
v (u F ri) = i v u)v, V e E^ +1 , 

^m+l((/) = Q G Q. 

A morphism of log E-R-procomplexes / : {EJ^ = (E^, D m , d m ), 7r} —> {E^ = 
(E^, E^, 9^), 7r'} is a morphism of pro-log differential graded W* (S’, Q)/W* (P, P)- 
algebras / = {/ m : E^ —>• E^} that is compatible with E and V. 

3.4. Construction of log de Rham-Witt complex. Let R be a Z( p )-algebra. 
For a pre-log ring ( S, Q) over ( R , P), we construct the log de Rham-Witt complex 

{W m A*} 

m 6N — {W m A* Si Q)/( fl P )} meN 

as the universal log E-R-procomplex by induction on m. We set 

WiA* := A * s ,Q)/(R,p) = Arvi(S,Q)/iEi(R,p)- 

To dehne Wm+iA* we assume that we have 

• {W„A # }„< m , a system of log pd-differential graded W n (S,Q)/W n (R,P)- 
algebras W„ A*, 

• A w ( SQ)/w (R P) W n R* i for n < in, surjective morphisms of log differ¬ 
ential graded algebras which are compatible with the restriction maps and 
with E, 

• V : W n A* —» W'n+i A*, additive maps for 1 < n < m, 

• W n A 0 = W n (S) for 1 < n < m, 

• FV u> = phj, F d l uj = ui, v (co F i 1 ) = v u> • p for u> G W n A*, 77 G W^+iA*, 
1 < n < m. 

We define an ideal I C Ry Vm 1 (s Q)/w m+ i(R p) as f°H° ws - Consider all relations of 
the form 

M 

Y £ (0 • d log q[ l) • • • d log q® • dr]^ • • • drift'- } = 0 
1 = 1 

in W m A*, where G W TO (S'),g® G Q. Then I c A w m+l{s ,Q)/w m+1 (R,p) is 

defined to be the ideal generated by the elements 
M 

J2 V t {l) ■ dlogq[ l) ■ ■ -dlogqft ■ d v V ft +1 ■ ■ ■ d v rft\ 

1=1 

M 

Y d V ^ l) ■ d log qft ■ ■ -dlogqft ■ d v V ft +1 ■ ■ ■ dX rft\ 

;=1 

Then I is stable by d. Moreover, 

F : Arv m+ i(S,Q)/IV m + i(R,P) A W m (S,Q)/W m (R,P) ^mA* 

annihilates / since we have 

£ = P£ *= A w m (S,Q)/W m (R,P) = £ G W m (S) 

F d K 77 = dp G A w m (s,Q)/Wm(R,P)' d e W m (S) 

F d\ogq = dlogq G A w m (s,Q)/w m (R,P)’ 1 ^ Q- 
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Therefore F induces 


E : Kn+l h-W m+1 {S,Q)/W m+1 (R,P)/I ' 


W m A*. 


A* 

lv m+ 1 > 


On the other hand, we have a well-defined map 
V : W m A* 

£ • rfloggi • • • (Foggy • drj r+1 ■ ■ ■ drji H> v £ • dloggi • • • (Foggy • d v r ] r+ 1 • • • d v rji. 
We have F d v u> = duj. Let J be the ideal of A^ +1 generated by the elements 

v (to- F r 1 )- v u } -r 1 , 
d{ V (w • F rf) - v uj ■ 77 ), 

where w £ W m A* and rj £ A* 1+1 . We see that F annihilate J. We set MAri+i A* := 
A m+i/J- Then we have maps 

F : W m+ iA* -A W m A*, 

V : W m A* -A W m+1 A*. 

We can see that all requirements of the definition of log F-P-procomplexes are 
satisfied. We set WA* := lim W m A*. By the construction, the log de Rham-Witt 
complex we made is a natural extension of the de Rham-Witt complex constructed 
in [LZ04 : i.e., 

The following proposition is clear from the definition. 

Proposition 3.5. (cf. (LZ04 Proposition 1.6) Let {El, D m , d m } me ® be a log 
F-V -procomplex over {S, Q)/(R, P). Then there is a unique morphism of log F-V- 
procomplexes 

{W m K \s,Q)/{R,P) } ^ {Em} 

over (S, Q)/(R,P). 

3.5. Standard Filtration. The differential graded ideals 
Fil s E l m = V s E l m _ s + dV s E i ~f s C El 

gives a filtration of a log F-F-procomplex {F^} and it is called the standard 
filtration. Since restriction maps and F, V are compatible, we find 

7r(Fil s E l m ) C Fil s E i m _ 1 , 

F(Fil s E l m ) C Fil s 


7:15 — 1 -rpi 

-^m— 1 5 

y(Fil s E l m ) C Fil s+1 El 


(*) 


J m -\-1 > 


d(FiFF^)cFil s F;+ 1 . 

Proposition 3.6. (c/. | IHM03I 3.2.4) Let {R, P) — > (S, Q) be a morphism of pre-log 
rings and m, s positive integers satisfying m> s. We set W m A* := W m A* g • 

TTien we /icwe t/ie following exact sequence: 

0 -)• Fil s W m A* -)■ W m A* W s A* ->• 0. 

Proof. For any log F-F-procomplex {El}, the composition of the two morphisms 

Fil s El c —>• El — -> F* is zero since it commutes with F and V, and n m (El) C 

E* = 0. Therefore 7r m_s induces a morphism 

7r m - s : F^/Fil s (F^) -> F*. 

Fix r := m — s and set E 1 * := E* +r / Fil” F* +r . Then {F^*} is a log F-V- 
procomplex over ( S,Q)/{R,P ) by (*). We show that {W n A ,# } is the universal log 
F-F-procomplex. Since the projection map 7r of W n A* is surjective, we have the 
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canonical surjective morphism {W„ A'*} -A- {W n A*} of log E-P-procomplexes. The 
diagram: 

^W n+r (S,Q)/W n+r (R,P) ^ W n+r k* 


^W n (S,Q)/W n (R,P) ^ W n A". 

shows the morphism A^. Qyw (R p) Wnk” is surjective. 

Let {E*} be any log E-P-procomplex over (S,Q)/(R,P). By the universal 
property of {W n A*}, there is a unique morphism {W n A*} —► {E*} of log F-V- 
procomplexes. We compose it with canonical surjection {W„A 7 *} —> {W n A*}. 
Then we get a morphism {W n A'*} —> {E*}. This is the unique morphism of log 
E-P-procomplexes from {IP ra A 7# } to {E*} because A^ <sq)/w (RP) W„A 7 * is 
surjective. Hence {fP^A 7 *} has the universal property. □ 


3.6. Base change for etale morphisms. We establish the etale base change 
property of log de Rham-Witt complexes. The following propositions can be shown 
by the same method used in [LZ04] Proposition 1.7 and 1.9. 

Proposition 3.7. Let R be a ring such that R is F-finite (in the sense of jLZ04l 
Proposition A.2) or p is nilpotent in R. Let (R,P) —¥ (S,Q) be a morphism of 
pre-log rings and S -A S 1 be an etale ring map. Then the natural morphism 

W m k ls\Q)/(R,P) Wm(S') ®Wm(S) W. mk*s,Q)/(R,P ) 

is an isomorphism. 


Proposition 3.8. Let (R, P) be a pre-log ring such that R is F-finite or p is 
nilpotent in R. Assume we are given an unramified ring homomorphism R —> 
R' and a morphism (R 1 , P) ( S, Q) of pre-log rings. Then we have a natural 

isomorphism of log F-V-procomplexes relative to (S, Q)/{R, P): 

{W m k\s,Q)/(R,P)} {W m kls,Q)/(R',P)}- 

We define the log de Rham-Witt complex on log schemes. The following lemma 
immediately follows from |OguQ6| , Chapter II, Proposition 2.2.1. 

Lemma 3.9. Let (3 : Q —» M be a chart for a sheaf of fine monoids A4 on a 
scheme X. Suppose that ft factors 

Q^Q’ AA4, 

where Q' is a constant sheaf of a finitely generated monoid. Then, etale locally on 
X, /3 7 can be factored 

where fd” is a chart for M. and Q” is finitely generated. 

Proposition-Definition 3.10. Let f : (X, A4) ( Y,Af ) be a morphism, of fine log 
schemes over Z( p ). We assume thatp is nilpotent in Y. We identify the etale topol¬ 
ogy ofW m (X) and that of X (See [Stal6| Etale Cohomology, Tag 03SI). Then there 
is a unique quasi-coherent sheaf W m h*, x M y , Y ^ on X^t which has the following 
property: If there is a commutative diagram 


U = Spec S 1 -a* V = Spec R! 


X 


Y, 


f 
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where 7 and 7 ' are etale morphisms and there is a chart (Q A4\u,P —> J\f\v> P 

Q) of the morphism (U,A4\u) {V,J\f\v)> then we have a canonical isomorphism 

r(U,W rn A' XtM y(y > j^) = W m A (S',Q)/(R',P)- 


Proof. When X = Spec S and Y = Spec R are affine and / has a chart {Q —)• 
M , P —> TV, P —> Q), the preslieaf 


-X'et 9 (U' — Spec S' —¥ X ) I—» W / m-^(S' i Q)/(U j p) 

defines a quasi-coherent sheaf on X^t because of the base change property of etale 
morphisms (Proposition 3.7). We temporarily denote by P(p,q) this sheaf . We 
have to show if there exists another chart (Q' —>• M , P' —>■ Af, P' —>• Q') of /, we 
have an isomorphism P(p,q) — P(P\Q r )- We denote by 

Wm(f) : (W m {X) = Spec W m {S),W m (M)) -> (W m {Y) = SpecW m (R),W m (Af)) 


the morphism induced by /. Since (Q —>■ Ad, P —>■ W, P —)• Q) (resp. (Q' — > 
A i,P' —> AT, P' —> Q')) is a chart of /, we have a canonical chart 


(Q W m (M),P —> W m (AT), P —t Q) 

(resp \Q' —t W m (M),P' —t W m (Af),P' —t Q')) 


of W m (f). Then we have an isomorphism 

A Wm(S,Q)/W m (R,P) — ^-W 7n {X,M)/W m (Y,N){Wm{X)) ~ A w m (S,Q')/W m (R,P') 

by |OguQ6| Corollary 1.1.11. Hence it induces an isomorphism 

A Wm(S,Q)/W m (R,P) — A *W m (S,Q')/W m (R,P’)- 

Let 

J (PQ) C h-W m+x (S,Q)/W m+x (R,P) ( res P- I (P',Q') C ^-w m+ i{S,Q')/W m+1 (R,P')) 

and 


j (p,Q) c A w m+1 (s,Q)/w m+ i(.R,P)/h p ,Q) 

(resp. J(p',Q') C A w m+ x{ S , Q ')/ Wm+ i{R,P')/I{P',Q')) 

be ideals defined in the construction of W m A* sq)/(rp) ( res P- W m A* s qi)/(r P /))- 
See rJTTTT} 

First we assume that there is a morphism of charts 

(Q -> M, P AT, P -> Q) -> (Q' -a X, P' -+Af,P' Q')- 


This morphism induces a canonical map P(p.q) —>• P(P’,Q')- We show that it is an 
isomorphism. Let a : Qx —t Ox and of : Q' x —> (Ay be the structure morphisms. 
Let /3 : Q —> Q' be a morphism of monoids induced by the morphism of charts. For 
any geometric point x —> X, we have isomorphisms 

Q/°r\0* x>s ) % Q'/a'-\0* x ^ A M x /0* x 


Since Q' is finitely generated, by replacing X with some etale neighbourhood of x. 
we can assume that for any q' £ Q' there exists q £ Q,s,s' £ a , ~ 1 (0x(A')*) such 
that q' • s' = /3(q) ■ s. We see 

dlog</ = d\og(q' • s') — d log s' 

= dlog(/3(q) ■ s) — d log s' 

= d log /3(q) + dlogs — d log s' 

= d\ogf3(q) + a'(s)~ 1 ds — a'(s')~ 1 ds'. 
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Hence we see that I(p,q) —> I(P' ,Q') is an isomorphism. This isomorphism induces 

^W rn+1 (S,Q)/W rn+ i(R,P)/ I (P,Q) A -W m+ i(S,Q')/W m+1 (R,P')/ I (P',Q')- 

By the construction, we have J(p,q) —> J(p'.Q') via this morphism. So we see 
Wm.h\s,Q)/(R,P) W m A*( S 'Q,y(R p,), 
and this shows F(p,q) —> P(P',Q')- 

We consider the general case. Let x —> X be any geometric point of A'. By 
Lemma |3.9[ there exists a commutative diagram 


U = Spec S' -^ V = Spec R' 


T 

X 


f 


7 

v 


+ Y, 


where U is an etale neighbourhood of x, and the morphisms 7 , 7 ' are etale, such 
that we admit a chart (Q" —A M\u,P" —A Rf\v, P" —> Q") of (U,M\u) —A {V, Af\v) 
and morphisms of coherent charts 

(Q -t M\u,P-> M\v, P^Q)^ (Q" -a M\u, P" -»• N\v, P" ->• Q"), 

(Q' -a M\u, P’ -t ftf\v, P’ -»■ Q') -a (Q" -a M\u, P" -a A/>, P" -a Q"). 

Then we see that 

P(P,Q)(U) = WmR's,Q)/(R,P) 

> -P(P",Q")(P) = W m h-\s,Q")/{R,P") 

£~~P(P' ,Q')(U) = W m A.*s,Q')/(R,P ') 

by the proof of the previous case. The collection of these maps glue to an isomor¬ 
phism P(p,Q) ^ P(P',Q'). □ 

3.7. Exact sequences. The log de Rlram-Witt sheaves satisfy the same exact 
sequences as the usual Kahler differentials. The following results are generalizations 
of a part of [LZ05] . 

Proposition 3.11. (1) Let X —» Y —> S be morphisms of fine log schemes. Then 
there is the following exact sequences: 

WroAyy^ ®W m (Oy) W m A. x /S ~* ~^ W m h*x/Y ~* 0- 

(2) Let X —t Y —^ S be morphisms of fine log schemes, where i : X -A Y is an 
exact closed immersion defined by a quasi-coherent ideal o C Oy. Then there is the 
following exact sequences: 

Wm(a)/W m (a) 2 l8)vV m (Oy)W / rriA^g — > w m (0x)®W m (0 Y )WmRy/s WmA x/S ' 0- 

Proof. (1) Since the problem is local, we can assume that morphisms of log schemes 
are associated to morphisms of pre-log rings (R, P ) -A (S, Q) -A (S', Q'). 

Let I* nl C W m A* g , Qfy( R Pj be the ideal generated by the elements of the form 
ds,d\ogm where s G W m (S),m G W m (Q). Then we see that I* n is invariant under 
F, V and d. 

The natural surjective morphism 

Wmh-*S',Q')/{R,P) ^f»A \s>,Q')/(S,Q) 
factors W m h.*S',Q')/(R,P)/^m' 
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Since /*, is stable by F,V and d, we see {W m A* s , Q')/( R P )/Im} is a log F-V- 
procomplex over (S', Q')/(S, Q). We obtain an isomorphism 

and a short exact sequence 

0 -t W m A* S ',Q')/(R,P) ^rn^(S',Q')/(S,Q) ^ °- 

Thus we have the following exact sequence 

®W m (5) ^™^(S',Q , )/(«.P) 

^mA( S r |( 3<)/( Si Q) -> 0. 

(2) This is reduced to the case of a morphism of log schemes associated to a 
morphism of pre-log rings (R, P) —>• ( S,Q ) —>• (S' := S/a,Q). Since the canonical 
morphism W m (S, Q) —> W m (S ', Q) is a strict closed immersion defined by the ideal 
W TO (a), we have the following exact sequence ( |OguQ6| , Prop 2.3.2): 

W TO (a)/W m (a) 2 —> W m (S’) ®Wm(s) A] Vm (s,Q)/ Wm (R,p) v m (S',Q)/w m (R,p) 0- 

Then we have the following complexes: 

W m (a)/W m (a) ®w m {S) * W m (5) ®vv m (S) W ™.A-(s,q)/(r,p) 

w m k*S',Q)/(R,P) °- 

It remains to prove the exactness at W m (S') ®w m {S) W TO A* S q)/{ R py Since 
W*(a)W*A* S Q )/(i j iP) + dW*(a)W*A* s ^ / ,^ p ^ 
is stable by operators F, V and d, 

{Wm^( S yQ)/(R iP )} 

-■HW m A ( s,Q)/{R,p)/{W m (a)W m A {S Q)/{R P) + d\V m (a)W m A^ s gy^ R p ^)} 

is a log .F-Wprocomplex over (S',Q)/(R, P). 

It is easy to verify that {W m u)° s , gy^ R P )} satisfies the universal property, so we 

have an isomorphism {W m u}* s , Q y^ RP) } A {W m A^ s , Q) ^ Rp) }. □ 

3.8. Log phantom components. Let I? be a Z( p )-algebra, (R,P) —> (S,Q) a 
morphism of pre-log rings and M an 5-module. We denote by M Wm the W(S)- 
module M obtained by the restriction of scalars w m : W(S) —► S via the Witt 
polynomial. 

We establish the log version of phantom components defined in [LZ04] §2.4. 
Define a complex E of W rn (S')-modules by 

m— 1 

E m = @ ^(S,Q)/(P,P).wr 
*=0 

We define F : E ^ -> E^ n _ l and V : E ^ —► E^ +1 by following formulas: For 
[PO; • • ■ ) Pm- 1] € Pi € ^(S i Q)/(p j p) jW p 

F\po, ■ • ■ , Pm— l] := [pi i ■ • ■ I Pm— 1 ] •> 

V[p 0 , . . • ,Pm-l] := [0,PPo, ■ ■ • ,PPm-l]- 

For 1 < i < to, let w m : W m Abgw| flP | —* A *sq)/(rp) w t> e We composition 
of the Frobenius F l : W m A* s gy^ R P \ —► W m -iA% qy^ R P ) and the restriction map 
• W m —iA( P Qyj^ R P ^ t A^ s q)/( R p'j w m ■ ^-^-0 sum of the maps (uio ,, ujm— l) 
define a homomorphism of projective systems of algebras 

UJ_ m : WmA *cj q) j (p,_p) -t Em- 
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We can prove the following proposition by using the same argument of [LZ04j 
Proposition 2.15. 


Proposition 3.12. The morphism gf m commutes with F and V. We have 

du m = [1 ,p,p 2 ,... U m d 
where [l,p,p 2 ,... } £ J] ^ = E m- 


4. Log basic Witt differentials in special cases 


4.1. SNCD case. In this subsection, we consider the log version of the p-basic 
elements and the basic Witt differentials in the SNCD case. In fact, we treat a 
slightly more generalized case which we need later. 

Let I? be a Z( p )-algebra and R[T] := R[Ti,... ,T n ] and e an integer such that 
0 < e < n and / an nonnegative integer. We consider the log structure associated 
with the map N e ®N^ —> R[T '], N e 9 e* i-a T* (1 < i < e),N^ 9 q i-> 0 (1 < i < /) 
where e* (resp. cf) are basis of N e (resp. N^). 

We define the log p-basic differentials of A* fl[T])N e := A (r [T ],^ ® n/)/(*,{.» 

as follows. Let p~°° be a symbol and we set p • p~°° := p~°° and p _1 • p~°° := p _ °° 
and ord p (p _0 °) := — oo. 

A function k : [1, n] —> Z>o U {p -00 } is called a weight if for every e < * < n, ki = 
k(i) £ Z>o- Let Supp A’ := {* £ [l,n] | ki ^ 0}. 

We associate a weight without poles k + to a weight k by 


(k + )i 


0 (A ■4=p-°°), 

h (fci^p -00 ). 


For each weight k, we fix a total order on Supp k = {ii ,..., i r } in such a way 
that 


ord p ki x < ord p k i2 < ■ ■ ■ < ord p k ir , ordpfc^ = ord p k ij+1 => ij < i j+1 . 

If / is an interval of Supp k, the restriction of k to I will be given by kj. 

We say (I-oo-> Iq, I \, is a partition of Supp A; if Ij are intervals of Supp A; 

and I -oo = {i £ [1, n] | ki = p -00 }, Supp k = /_^ U J 0 U Ii U • • • U the elements 
of Ij are smaller than that of Ij + 1 (with respect to the fixed order) and Ii,..., 7/ 
are not empty. /_ x and Iq can be empty. We associate the element 

e(k,V,J) := (iplogcJ • [] d^gTi) ■e(k+,V = (I 0 ,h,--- ,h)) 

\ieJ ) \»e/-oo / 

of A (fl[nN'°©N/)/Ji t0 the tri P le ( k ’ v = {I-oo,Io,---,Il),J)- Here dlogT, := 
cilogej, k is a weight, V is a partition of Supp A; and J is a subset of [1, /]. 

e{k + ,V = (/„, I u ■ ■ ■ , /,)) = (p- OTd p fc u ) • • • (p-° rd p*A dT kl ‘) 

is the p-basic element defined in ILZ04j §2.1, where T fc b = J|. g/ T ki and ord p ki j = 
rninig/^. ordpA^. We call the elements of this form log p-basic elements. 

Lemma 4.1. The log p-basic elements form a base of the log de Rham complex 
A '(R[t],w®W)/r as an R-module. 

Proof. The l?-module has the following basis: 

( 1 ) 

d log c hl ■ ■ ■ d log cji s ■ dlog T n ■■■d log T im ■ I T^ j J • d log T jl ■ ■ ■ d log T jl _ m _ s , 

\ie[l,n] / 
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where 1 < h\ < ■ ■ ■ < h 8 < /, 1 < i\ < ■ ■ ■ < i m < e, k : [1, n] —Z> 0 , = 

0, ji < ■ ■ ■ < ji-m-s € Supp k. 

Let A l (I,k,J) C be the free R-submodule spanned by all ele¬ 

ments of the form (1) for a fixed I = {ii ,..., i m } C [1, e], J = {h ±,..., h s } C [1, /] 
and a weight k : [l,n] —> Z>o such that k = 0. We have a decomposition 
as free R- modules: 


A' 


(_R[T],N e ®Nf)/R 


= 0 A \l,k,J). 


I,k,J 


The rank of A l (I, k,J) is (”) where m = \ Supp k\ and s = l— |/| — | J\. The number 
of log p-basic elements of the form 

(j^diogCj J • ( JJdlogTj) -e{k,V) 


\ieJ 


Kiel 


for hxed / and J and k is also (™). Hence it is enough to show that the log p-basic 
elements of this form generate A l (I, k, J) as an A-module. It follows from the proof 
of [LZ04] Proposition 2.1. □ 


Next we determine the log version of the basic Witt differentials for the pre-log 
ring (R[T], N e ©N^) = (R[Ti ,..., T m ], N e ® W) over R = ( R , {*}). We denote by 
X j: e W(R) the Teichmiiller lift [T,j] of Tj . We consider the log de Rham-Witt 
complex bPA^j T ^ Ne0N/ ^ fi ,. 

We call a function k : [1, n] —>• Z> 0 [l/p] U {p -00 } a weight if for e < i < n, h := 
k(i) £ Z>o[l/p]. Sett(fcij) := — ord p fci ( and u(ki t ) = max(0, t(fcj,)). For each weight 
k. we fix a total order on Supp k = {i\,... ,i r } in such a way that 


ord pk tl < ord p k i2 < ■ ■ ■ < ord p k ir , ord pk^ = ord p k ij+1 


1- 


If I = {i t , ■ ■ ■ ,i t +m} is an interval of Suppfc, the restriction of k to I will be 
given by fc/. We set t(ki) = t(ki t ),u{ki) = u(ki t ). If k is hxed in our discussion, 
we write t(I) and u(I) instead of t(fcj) and u(kj). 

We say (I-oo, lo, /i, ■ ■ ■, Ii) is a partition of Supp k if Ij are intervals of Supp k, 
I -oo = {i £ [1, n] | ki = p -00 }, Supp k = /_oo U I 0 U R U ■ ■ • U //, the elements of 
Ij are smaller than that of Ij+i (with respect to the hxed order) and ,..., are 
not empty. /_^ and Iq can be empty. 

Let be a quadruple such that k is a weight, V = (I_ CXJ , I 0 ,..., I[) 

is a partition of k, £ £ yu W(R) and J C [1,/]. We dehne a log basic Witt 
differential e = e(£, k,V, J) £ b y 


e= (l[d\ogc 


KieJ 


n 

viei- c 


dlogwj -e(£,A: + ,(/o,...,/z)), 


where e(^, k + , (Jo,..., Ii)) is the basic Witt differential dehned in [LZ041 §2.2. We 
call the log basic Witt differential e(£, k, V, J) is integral if e(£, k + , (Jo,..., /;)) is 
integral, i.e., ( k + )i £ Z> 0 for all i. The log basic Witt differential e(^,k,V,J) is 
called fractional if it is not integral. 

We denote by e m (£, k,V,J) the image of e(£, k, V, J) in l^A^^ 0 nf)/R - The 
element e m (^, k, V, J) depends only on the residue class f of £ in W m (R). We see 
£ £ vu W m - u (R ) because ^ £ V ^W{R) for u = u(k + ). We have e m (£, k,V, J) = 0 
if p m_1 • k + is not integral. 
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The relations 


F d log Ci = log Ci , F dlogXi = log X u 
V d log Ci = V(l)logc», v dlogXi = V'(l)logX i , 
d(dlogCi) = 0, d(dlogXi) = 0 


and (LZ04] Proposition 2.5 and 2.6 give the following formulas: 

( 1 ) 

F e(Z,k,(I_ oo ,I 0 ,...,I l ),J) 

e( F £,pk, (J-oc/q, J) (I 0 ff{D,k + is integral), 


e( V ^,pk,{I-oo,Io,...,Ii),J) (I 0 = 0,fc + not integral). 


( 2 ) 


v e(£,k,(I- oo ,I 0 ,...,I l ),J) 


e( v £, -k, (/_oo, I 0 ,...,/;), J) (/o 0 or is integral and divisible by p), 

P 1 

e(p F £, (Jo = 0, (l/p)fc + is not integral). 

V 

(3) If J = Supp and t = t{ki), 

de(£, k, (J—oo, Jo, • • •, J;)> </) 

0 (/ = 0 or J 0 = 0), 

= 4 e{€,k,{I-oo,®,Io,---,Ii),J) (J 0 ^ 0,/c + not integral), 

P~ 1 ^, k, lo, ■ ■ ■, Ii), j) (Jo 0:fc + integral). 


Let 


: ^ A ( fl [ Tl ,...,T n ],N e ®N'0/.R A (R[Ti,...,T„],N e ©N-0/R.w m ' 


be the composition of 

: Wm+lA( fl [ Tl|i iT j iN e ~^ A (R[Ti,...,T n ],N e ®Nf)/R,\ 


which we defined in 13.8 followed by the natural projection map 

^'^-(ii[T 1 ,...,T n ],N e ®N/)/R Wm+l A (fJ[T 1 ,...,T„],N e ®N/)/iT 

Proposition 4.2. Let e = e(f, k, (J_oo, J 0 , ■ • ■, J/), J) G 0N / )/i? 

a log basic Witt differential where t; = v rj,u = u(fc + ). JTien 


6e 


w m (e) 

0 

w „ 


= 


(if p m ■ k + not integral ), 

(0 • (IL eJ dlo gCi ) • (n iS /_ dlogTi) • 

J'P m k I o (j ) -ordp m k Il \ . ^p-07'dp m k It rpp m k Il \ 

(if p m ■ k + integral , Io ® or k + integral ), 

-»M ' (Tliej rfl «gci) • (iLe/-. dl °S T i) • 

^-ordp m ki 1 ( lTP m k Il ) . . . ^ p -ordp m k Il ( U'P m ki l ) 

(if p m ■ k + integral, Iq = 0). 


Proof. It follows from the construction of w m , [LZ041 Proposition 2.16 and calcu¬ 
lations of log parts. □ 
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Proposition 4.3. Any element ofWA* R ^ T j has a unique expression 

as a convergent sum of log basic Witt differentials: 

(2) E 

k,V,J 

where k runs over all possible weights, V over all partitions and J over all subsets 
of [1, /]. A convergent sum means that for any given number m, we have € 

v W{R) for all but finitely many weights k. 

Proof. For £ £ W(R[T]), we can see that £ can be written uniquely as a convergent 
sum £ = m>o V ([ a k,m\X k ), where X r = [T r ], cifc jm £ R and k runs all possible 
integral weights. 

For a given nonnegative integer to and a weight k, p < m denotes the maximum 
nonnegative integer such that p~ p k is integral. Then we have 

ym ([a k ,m]X k ) = vrn ~ P ( VP [a k , m ]X p - pk ). 

Hence £ is written as the convergent sum £ = X]fc-weight (VkX pU(k)k ). 

Since we have a canonical surjective map 

e / 

^W(R[T\)/W(R) W{R[T])d\ogTi® © W(R[T])d\ogCi -> 

i= 1 i=l 

A 1 

any element in W A* fl r Ti T ] ®Rf)/R wr itten as a convergent sum of elements 
of the form 

d log cq • • • d log Ci B ■ d log Xj 1 ■ ■ ■ d log X n • 

vU \r] 0 X pUOkiO) )d vul {r] 1 X pUlkW )---d vU7n {r] m X pUrnk(m) ), •■■(*) 

where 1 < ii < ■ ■ ■ < i s < /, 1 < ji < ■ ■ ■ < ji < e, k^ 0 \ ..., k( m ' > are weights and 
Ui is the least nonnegative integer such that p Ui ■ k^ is integral. 

We prove that all the elements of the form (*) can be written as a sum of log 
basic Witt differentials, by dividing them into four cases. 

Case 0. {ji, • ■ •, ji} n (U™ 0 Supp fcW) = 0. 

If {ii, • ■ • JzMLCo Su PP fcW ) = (*) can be written as a sum of log basic Witt 

differentials by ll./l) 1 Theorem 2.8 and our definition of log basic Witt differentials. 
Case 1. fcW are all integral, i.e., Uo = Ui = ■ • • = u m = 0. 

(*) = d log Cq • • • d log Cj s • d log Xj 1 ■ ■ ■ d log Xj t ■ 

(mX kf0) )d( m x km ) ■ ■■d{r lm X k ' m) ). 

It can be reduced to the case 0 by following calculations. 

We write e, for (0,..., 1,..., 0), whose ith entry is 1 and the others are 0. If k 
is an integral weight without poles and t £ Supp k , we have 

d log X t ■ X k = X k ~ ktet ■ Xf^dXt, 

d log X t ■ dX k = d log X t ■ {X kt dX k ~ ktet + X k ~ ktet dX kt ) 

= d\ogX t ■ Xf*dX k ~ ktet 

= X^-'dXt ■ dX k ~ ktet . 


Case 2. uq > iij for j = 1,, m. 
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We can rewrite (*) as follows: 


V u °{d log tv 


VoX p 


d log Ci s ■ d log Xj 1 

o fc(°) F"0 


d( m x p 


d log Xj t ■ 
1 fc (1) \ 


_p u o- 




Since V maps log basic Witt differentials to log basic Witt differentials, it follows 
from case 1. 

Case 3. u\ > Uj for j = , m. 

We apply Leibniz rule: 


y "° ( Vo x pUOk(0) )d yul ( m x pU1 fe<1) ) = d( y “° ( m x ^° fc<0) ) yul ( m x pU1 fe<1) )) 

- yul (77!x^" 1 fe(1) )d yu ° ( Vo X pU ° fc(0) ). 


By the Leibniz rule and the fact that d maps log basic Witt differentials to log 
basic Witt differentials, we can reduce it to the former three cases. 

Next we prove the independence of the log basic Witt differentials. Suppose the 
element to = J2k v J e (.£k,v,J, k, V, J) of the form as (|2j) is equal to zero. We show 
£k,v,J = 0 for all k,V,J. It suffices to show that the image of £k,v,j in W m (R) is 
zero for all m. We fix a positive integer m. Let £,k,v,J be the image of £k,v,J in 
W m (R). First we suppose R is p-torsion free. Consider the morphism 


LOi : WA( R [ Ti _ 


: 0NC/-R 


A («pi,. 


,T n ],N e ®ND/-R,w i 


for 0 < i < m — 1. Proposition 4.2 shows that w i(£k,v,j) = 0 for 0 < * < m — 1 
because log p-basic elements are linearly independent by Lemma |4.1| Since we 
assume that R has no p-torsion, £ k ,v,J = 0 f° r nil k,V,J. Hence the proof of 
independence is completed if R is p-torsion free. 

We consider the general case. Take a surjective ring homomorphism </> : R —► R 
where I? is a ring without p-torsion. Set a := ker </>. Let (i?[T], N e © W ) be a pre-log 
ring whose pre-log structure is given by N e ffiN^ —> R[T], N e 9 e* i-A (1 < i < 
e),N / 9 d ^ 0 (1 < i < /). We denote by WA* a ~ [T] ^ e the subgroup of 
bbA*~ . 5 which consists of convergent sums of log basic Witt differential 

\rt[l J,iN e ©In-' ) 1 

of e(£ k>VtJ ,k,V,J) with Cfc,F,j € W(a). We see IVA^^is a ideal of 
WA*~ ^ ®f)/R ^ ie P ar1: P r00 ^ anc ^ Proposition 2.11 of ILZ04J . Let 

WmA lR[T]^enf)/R be the ima § e 0f ^ A (aR[T],N=®N f)/R “ ^ A (R[T] 

Define a procomplex {E^} by 


: ®N f)/R' 


■ ^' raA (_R[T],N e ®N / )/R/^ /mA (aR[T],N e ®Nf)/R' 

Set E* := M E Then we have E^ = W m (R) and 

E ~ i'PA^~j T j Ne 0N /)/p/bPA^~j r ^ Ne ®pj/)/fl- 

Since WA* a ~ N e eN/)/ 7 j is invariant under F, V and d, we see { E is an log 
.F-H-procomplex over (I?[T], N e © N^)/l?. Hence we obtain a morphism 

{^ /m 'A(_R[T],N e ffiN^)/R.} ~^ {^m} 

of log -F-H-procomplexes. Then there is the following commutative diagram 


W ^(R[T],N*@Nf)/R ^ W/A (R[T],N'ffiN/)/R 
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By the p-torsion free case, any element ui of WA*~ ^writ¬ 
ten as a convergent sum as (|2j). The commutativity of the diagram indicated above 
and the fact that the composite morphism 


W A* ~ 

(afl[T],F 


! ®N t)/R 


W A*~ , _ 

(il[T],N e <&Nf)/R 




! ©N f)/R 


is zero implies Proposition 4.3 holds for any R. 


□ 


Corollary 4.4. Any element lo of W m A* R ^ T can ^ e written as a 

finite sum 

u= ^2 e m(fk,V,J, h,V, J), fk,V,j£ V W m _ u ( k +)(R). 
k,V,J 

Here k runs over all weights such that p" 1-1 -k + is integral, V runs over all partitions 
and J over all subsets of [1,/]. The coefficients fk,v,J are uniquely determined by 
u>. 


4.2. Semistable case. We consider the log p-basic elements and the basic Witt 
differentials in specific cases, which contains the semistable case. 

For positive integers d < e < n and a nonnegative integer /, we consider the 
pre-log ring 

(ri = R[T U ..., T n \/(T i • • • T d ), P = N e ® W), 

N e 9 Ti G A (1 < i < e),N / 9 c* 0 e A (1 < i < /), 


where ej (resp. cf) are basis of N e (resp. N^), for later discussions in this paper. 
The module of (relative) log differential forms Aj 4 p)/r isomorphic to a free A- 

modulc ®® =1 AdlogTi © ®" =e+1 AdTi © ®f =1 Ad log c*. Hence A * AP y R has the 
following elements as a basis of R-module: 

T-| fcl • • • T% n ■ dlog Ti ■ dlog Ti ■ d log Ti ■ d log a, 

ieG ieff jel i&J 

where Gc [1 ,d\,H C [d+l,e],J C [e+1,n]nSupp k, J C [1, /] and mini<j<d ki = 0. 
We conclude that the log p-basic differentials e(k,V,J) satisfying [l,d] <j Suppfc + 
forms the basis as an .R-module by a similar argument to that in Lemma |4.1| 

Next we study the basic Witt differentials of W hj A P y R - 

Proposition 4.5. Any element in W A* 4 pup has a unique expression as a con¬ 
vergent sum 

y e(€k,v,J,k,V,J) 

k,V,J 

of log basic Witt differentials. Here k runs over all possible weights such that 
[l,d] (jL Supp + k, V over all partitions o/Suppfc and J over all subsets of [1,/]. 
A convergent sum means that for any given number m, we have fk,v,J G V W(R) 
for all but finitely many weights k. 


Proof. As proof of Proposition 4.3, any element £ of W(A) can be written as the 
following convergent sum: 


*= £ 

k: weight,[l.dj^Supp k 


fc ). 


Hence an element of W A* 4 py R can be written as a convergent sum of the following 
form 


d logCjj • • • d log Ci s ■ d log Xj 1 ■■ ■ d log X, Jt ■ 

yU ° (rioX pUOk{0) )d vU1 (? ? iX p “ lfc(1> ) • • • d yUm (r ?m X p “ mfe<m) ) 
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with 1 < ii < ■ ■ ■ < i s < /, 1 < ji < ■ ■ • < ji < e, each fcW i s a weight satisfying 
[l,d] (jL Suppfcb) for all i and iq is the least nonnegative integer such that p Ui k W 
is integral. 

We show this is equal to zero if [l,d] C [ J'” 1 Suppfcb). We can assume that all 
fcb) are integral by the proof of Proposition 4.3 If k is an integral weight, dX k is 
divisible by X k ^ x ’ d L Hence if [l,d] C (J™ j Supp the element indicated above 
is zero. 

We can prove that any element of WA* Ap y R can be written as the form in¬ 
dicated in the proposition in the same as Proposition 4.3 because the actions of 
F, V, d on log basic Witt differentials do not change the condition [1, d\ (/f Supp + k. 

We can also show that this expression is unique by a similar argument to the 
proof of Proposition |4.3[ □ 


Corollary 4.6. Any element to ofW m A* Ap y R can be written as a finite sum 
w= ^2 fm((, k, V , J), 6 y 1 J W m _ u ( k +)(R). 

k,V,J 

Here e m is the image of e on W m A * a P y R , k runs over all weights such that [1, d\ <f_ 
Supp + k, p m ~ 1 -k + is integral, V over all partitions o/Supp/ and J over all subsets 
of [1, /]. The coefficients £k,v,J are uniquely determined by u>. 


Set d log X := d\ogX\ + • • • + d\ogX e + dlogci H— • + dlogc/. 

We define an element e'(£, k. (I-oo, Iq, ■ ■ ■ ,Ii),J) for a log basic Witt differential 
e(£,k,(I- oo,/ 0 ,...,/i)V) by 

e '= < (n je j dlo g c j) ' (U^i^ogX,) -dlogX ■e{^,k + ,{I 0 ,...,Ii)) 

{ (k e =p~°°), 


where e(£, fc + , ( Iq ,..., /;)) is the classical basic Witt differential defined in L Z04 . 
If k e = p ~°°, we see 


=e (£, k, {I— 005 Io, ■ ■ ■ 1 d l)i 


II dl0g< 


\i£J 


n ^ log A', 

i iEl-oo,iy^e 


Y2 d\ogXi J e(£,fc + , 




t i£[l,e]\/_ 




d lo g °i 
Ki&J / 


JI dlo gW Y2 rflogCi \ e(£,k + ,(I 0 ,...,Ii)) 


. iCLl-oo ,i^e 




— e (£, k , (/—oo, Iq , ■ ■ •, /;), J ) 

+ (linear combination of e(£, k, (/-oo, /o,..., /j), J) such that k e ^ p~°°, 
I-oo and J vary and e are different from the above). 


From this we obtain 


Proposition 4.7. WA* AP y R has a decomposition as W{R)-modules: 

WA' a ,p)/r = WC* a ,p)/r ® WCfA pyji, 

where WC* A P y R (resp. WC' A P y R ) consists of the elements which can be written 
as a convergent sum of the elements of the form e' such that k e ^ p~°° (resp. 
k e = p-°°). 
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Note that the decomposition we stated above is not a decomposition as com¬ 
plexes. 


5. Log Witt lift and Log Frobenius lift 

Let R be a Z( p )-algebra in which p is nilpotent and (R, P ) —> (S, Q) a log smooth 
morphism of pre-log rings. We define the log version of Witt lifts and Frobenius 
lifts of [LZ04] §3.1. 

Definition 5.1. A log Witt lift of (S,Q) over (R,P) is a system {(S n ,Q n ),S n : 
(. S n ,Q n ) -A W n (S,Q)) n > i satisfying the following conditions. 

(1) For each n > 1, ( S n ,Q n ) is log smooth over W n (R,P), and 

W n (R, P) ®W n+1 (R,P) (Sn+l,Qn+l) — (S n , Qn), (Si, Ql) = (S, Q). 

(2) Let w 0 : W n (S,Q) —> ( S,Q ) be the morphism induced by the Witt polyno¬ 
mial w 0 : W n (S) -A S and idg. For n > 1, w 0 <Y is the natural map ( S ni Q n ) — > 
(S, Q) and the following diagram commutes: 

('S'n+ls Qn+i) ~—*■ W n+1 (S, Q) 

Y A V 

(S n ,Q n ) -=-^W n (S,Q). 


Definition 5.2. A log Frobenius lift of (S, Q) over (R, P) is a system 

Qn), fin ■ ^ Qn-l)j Y ■ (^ni Qn) ^ (S, Q)) n >i, 

satisfying the following conditions: 

(1) ((S n , Q n ), S n ) is a log Witt lift of (S, Q) over (R, P). 

(2) For n > 1, fi n is compatible with the Frobenius on the log Witt ring F : 
W n (R,P) — > W n -i(R,P), the absolute Frobenius Frob : S/pS —> S/pS and xp : 
Q —t Q- 

(3) The following diagram commutes: 


(Sn+1 , Qn+l ) 


(■ S n ,Q n ) 


W n+1 (S, Q) 

F 

Y 

~W n (S,Q). 


We also define log Witt lifts and log Frobenius lifts for a morphism / : (A. At) — > 
(Y,Af) of fine log schemes. 

Definition 5.3. A log Witt lift of (X, At) over (Y, Af) is a system ((X n , At„), A n : 
W n (X, J\f) -A {X n ,Mn)) n >\ satisfying the following conditions. 

(1) For each n > 1, (X n , At„) is log smooth over W n (Y,Af), and 

W„(Y AO x w „ +l(y>A0 (A n+1 ,At„+i) ~ (X n ,M n ), (Xx, Ati) = (A, At). 

(2) Let w 0 : (A", At) -> W n (A, At) be the morphism induced by the Witt 
polynomial u>o : A -A f'F rl (A) and id^vr ■ For n > 1, A n wo is the natural map 
(A, At) -A (X n , At„) and the following diagram commutes: 

W„(A, At) An > (X n ,M n ) 
W n+1 (X,M)-^(X n+1 ,M n+ i). 
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Definition 5.4. A log Frobenius lift of (A, At) over ( Y,J\f ) is a system 

((X n ,M n ),$ n ■ (X n ~i,M n -i) -A (X„,M„),A n : W n (X,M) -A (X n ,M n )) n > u 

satisfying the following conditions: 

(1) ((A n ,A4„), A„) is a log Witt lift of (A, A4) over (Y,AT). 

(2) For n > 1, <f>„ is compatible with the Frobenius on the log Witt scheme 
F : W n -i(Y,J\T) -A W n (Y,J\f), the absolute Frobenius Frob : A®F p —> A®F p and 
xp : M -A M. 

(3) The following diagram commutes: 


W n (X,M) - 

F 

W n+1 {X,M) 


(X n ,M n ) 

$n+1 

(X n+1 ,M n +i)- 


Lemma 5.5. (1) Let ( R,P) -A (S', Q) be a log smooth morphism of pre-log rings. 
Then ( S , Q) has a log Frobenius lift over (R, P). 

(2) Let (A, At) -A (Y, J\f) be a log smooth morphism of fine log schemes. Then 
etale locally on X, (A, At) has a log Frobenius lift over ( Y,Af ). 


Proof. By the toroidal characterization of the log smoothness of log schemes (The¬ 
orem 2.3), (2) follows from (1). We show (1). 

The morphism (R, P) -a (S, Q) has a decomposition (i?, P) -a (i?®z[P]Z[Q], Q) —) 
(S,Q). Since (S,Q) is log smooth over ( R,P ), the ring map R ®z[P] Z[Q] —> S is 
etale. 

First we construct a log Frobenius map on (T := i?®zrp] Z[Q\,Q) over ( R,P ). 
Let a : P — > R be the structure morphism of the pre-log ring ( R,P). Set T n := 
W n (R) (g> z rp] Z[Q\ where the structural morphism Z [P\ -A W n (R) is induced by 
a € P —> [a(a)]. Then ( T n ,Q n := Q) will be a pre-log ring in the obvious way. 
In particular, ( T n ,Q n ) is log smooth over W n (R,P). We extend F : W n (R) -A 
W„_i(I?) to a morphism 

4>n '■ (T ni Q n ) —> (T n _i, Qn- 1 ), a (g) b A F a ® b p , a € W n (R), b £ Q. 


and also define S n : (T n ,Q n ) -A W n (T, Q) induced by T n -a W n (T);a £ Q A 
[1 <g> a], idQ : Q n = Q Q- Then ({T n ,Q n ),(j) n ,5 n ) is a log Frobenius lift of (T, Q). 

To obtain a log Frobenius lift on (S,Q), it is suffice to show that if (S,Q) —► 
( S',Q ) is a morphism of pre-log rings such that the underlying ring map S -A S 1 
is an etale morphism and the underlying monoid map Q —> Q is the identity map 
and there a log Frobenius lift {{S n ,Q n ),(j) n ,S n ) of (S,Q), there is a unique log 
Frobenius lift of the form ((S' n ,Q n ),ip n ,e n ) of (S',Q) and (S,Q) -A (S',Q) lifts to 
a homomorphism ((S n ,Q n ),(f> n ,5 n ) -A ((S' n ,Q n ),i/j n ,e n ). We can prove this in the 
same manner as the proof of |LZ04j Proposition 3.2. □ 


6. Comparison morphism 


We construct the comparison morphism between the log crystalline cohomology 
and the hypercohomology of the log de Rham-Witt complex. 

6.1. Extension of derivations. In this subsection, we consider the log version of 
the discussion in (11179) 0, §3.1. First we recall the definition of the trivial extension 
of a quasi-coherent sheaf ( |OguQ6| Example 2.1.6). 

Definition 6.1. Let / : A' -A Y be a morphism of fine log schemes and E a 
quasi-coherent sheaf of Ox-modules. 

The trivial Y-extension of A by E is the log scheme T defined by Ot ■= Ox ® 
E with (a, b)(a',t/) := ( aa’,ab 1 + a'b), with Mr ■= Mx ® E, and atT(m,e) := 
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(ax{m),ax(m)e) if m £ Mx and e £ E. The canonical projection Ot Ox 
(resp. the canonical map Oy —> Ox —t Ot) defines a morphism of log schemes 
X —>■ T (resp. T —► Y). We also have an evident retraction T —► X over V. 

Let (Y,Af,T, 7) be a fine log pd-scheme. Let i : (X,M) -A (X',M r ) be a closed 
immersion of log schemes. We assume 7 extends to X and i has a factorization 
(X,M) {Z,C) A (X',M') with j an exact closed immersion and g log etale. 

We admit this kind of factorizations etale locally on X ( [Kat89j (4.10) (1)). 

Set J ■= ker (Oz —> j*Ox)■ Then the log pd-envelope (D, Md, J, [ ]) of i is 
the usual pd-envelope (D,J, [ ]) of X in Z with log structure Md given by the 
inverse image of C. Since g is log etale, the canonical morphism g*A^ x , m')/(yj\T) 
A(z £)/(>'JV) an isomorphism ( [Kat89l Proposition (3.12)). 

Proposition 6.2. The log derivation (d,d log) : (■ Ox',M ') —> A) x , m')/(yjV) ex ~ 
tends uniquely to 

(d',d f log) : (Od,Md) —> On ®o x , ^\x', m')/{y,M) — ®o z A\z,q/(y,N) 

such that d'x^ = a;!” -1 ! <g> dx for all x € J, n > 1 and d! logm = 1 ® dlogm for 
all m € C. 

Proof. Let E := On ®o x , A| x , m')/{y,M) anc ^ ^ = Spec(0D © E, Md ® E) be the 
trivial ©-extension of D by E. We define a pd-structure on a ideal E C Ot by 
U M = 0 for n > 2. 

Since Ot is an augmented O ^-algebra and E is an augmented ideal, there exists 
a unique pd-structure S on J ■ Ot + E C Ot which is compatible with the pd- 
structures on J and E by ( IBer74j I 1.6.5). S satisfies S n (x + u) = x^ Yx^^u for 
x £ J ,u £ E. By the construction, 6 is compatible with 7. Let a : Oz —> Ot = 
Od © E (resp. /?:£—► Mt) be a morphism defined by a(z) = (z, 1 © dz) (resp. 
/3(e) = (e, 1 © dloge). They define a morphism r) 0 = (a, j3) : (Oz, £) —l (Ot, Mt)- 
By the universal property of the log pd-envelope, 770 induces an CV-pd-morphism 
77 : (Od,Md) —> (Ot,Mt)- We see that this morphism is a section of the canonical 
projection map (Ot,Mt) —t (Od,Md)- The morplrisms d! : Od Ot E 
and d! log : Md Mt E define a log derivation 

(d',d! log) : (Od,Md) —> Od <8>o x , ^\x' ,m')/{y,M) — ®o z A \z,c)/(y,m ) 

such that d'x^ = x^ n ~^ ® dx for all x € J and n > 1, and d! log m = 1 ® dlogm 
for all 771 £ £. Uniqueness is easy. □ 

The log derivation extends to a graded algebra Od ®e> x , A *x> M')/(YMy We 
denote by A m d )/(YN) the log pd de Rham complex of (D,Md) ° ver (T,W) 
with respect to the pd-structure [ ] on (D,J). The universal property of the log 
pd de Rham complex induces a map A * d ,m d )/(y,jV) A \x> ,M')/{y,M) 

of CV-algebras. This map is isomorphism by the same proof to [11179] Proposition 
0.3.1.6. 

6.2. Comparison morphism. Let R be a Z(p)-algebra, in which p is nilpotent. 
Let (X,M) —> Spec (R,P) be a morphism of fine log schemes and we assume that 
the pd-structure of W(R) extends to X. We have the natural morphism 

U m : ((X, M)/W m (R, P))c°fs *et 

from the log crystalline topos to the etale topos. We write the structure sheaf of 
the log crystalline site 0^x,M)/w m (R,P) as O m . 

Define a morphism 

^-R"m*O rn ^ WmA (x,Ai)/(R,P) 
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in the derived category D + (X, W m {R)) of sheaves of W m (i?)-modules on X& as 
follows: 

First, we consider the case that (X, At) has an embedding into a log smooth 
scheme (YM) over (R,P) such that (YM) has a log Witt lift ((Y m , Af m ), A m ). 
We already know such embedding exists etale locally on X by [ HR94] (2.9.2) and 
Lemma |5.5[ There exists the following commutative diagram: 

(X,M) -- (Y, AT) -- (Y m ,M m ) 



W m (X, At ) -- W m {YM)- 

The left vertical arrow wq : (X, At) —► W m {X, At) defines a log pd-thickening 
relative to the canonical pd-structure on v W m {R). 

Then the morphism W m {X,M) -A (' Y m Mm ) factors through a morphism 

fJ-m '• Hm(X, XI) t {Y m , J\f m ), 

where ( Y m Mm ) is the log pd-envelope of the closed immersion (X, At) -A ( Y m Mm ) 
with respect to the canonical pd-structure on 1 W m (R). Then we have an isomor¬ 
phism in D + (X, W m {R)) 

o m ~+°Y m ®0 Ym \Y m ,Mm)/Wm ( R,P ) ’ 

Since X —> Y m is a nilimmersion, we can consider the right hand side as a sheaf 
on Xet- 

By the discussion in §6.1[ we have an isomorphism 

A (Ym,AT m )/IV m (R,P) - °Y m ®Or m A (Y m W m )/W m (R,P )' 

We define the comparison morphism as follows: 

®Y m ^-(Y rn ,AT m )/W m (R,P) / (R,P) 

A 

A* > X» 

(Y m ,Wm)/W m (R,P) ^W m (X,M)/W m (R,P)- 

One can show this comparison morphism is independent of embeddings and Witt 
lifts using the fibered product argument in [11179] II. 1.1. 

Next, we treat general cases. Recall the definition of embedding system ( [HK941 
p.237) : 

Definition 6.3. Let / : (X, At) — ► (S, C) be a morphism of fine log schemes such 
that the underlying morphism X -A S is locally of finite type, an embedding system 
for / is a pair of simplicial objects (X*, At*) and ( Z* M *) in the category of fine 
log schemes endowed with morphism 

(X*,At*)^(X,At),(X*,At*)-> {Z\AT),{Z\Af)^ {S,C) 

satisfying the following conditions (i)-(iv). 

(i) The diagram 

(x*,At*)— *~{z*M m ) 

(X, At) - *{S,C) 

is commutative. 

(ii) The morphism X* -A X is a hypercovering for the etale topology and At* is 
the inverse image of At on X 1 for each i > 0. 
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(iii) Each (Z\Af l ) —> (S,C) is log smooth. 

(iv) Each (A*,AT) —> (Z\Af l ) is closed immersion. 

Let {X{i)} ie i be an etale covering of X such that each X(i) can be embedded 
to a log smooth scheme Y(i) which has a log Witt lift {Y m (i)} m . Set 

X(ii, ..., i r ) := X(ii) x x • • • Xx X(i r ), 

Y m (i i,..., i r ) := Y m (i i) Xw m (R,p) 1 ■ ■ x rv m (fl,p) Y m (i r ). 

Then X(i \,..., i r ) —> Y m (ii ,..., i r ) is closed immersion since X is separated. For 
r G N, let 

A r := [] X(ii,... ,i r ), Y^ := [] Y^h,..., i r ). 

We get an embedding system X * —► Y * n . We denote by Y* m the log pd-envelope with 
respect to this closed immersion. Let 9 : (A*)^ —> X^ be the natural augmentation 
morphism. 

By the liftable case, we have a morphism 

Oy’ m W m A-* x >,M m )/(R,P)- 

Applying Rri m * to both sides, we get the comparison morphism 

1 ^ ^YmA-(X 1 Xi)/(R,P)' 

This is because the canonical morphism 

Ku m *O m —>■ R 0 *®o y , A(Y’ i ’j\f^yw rri (R,P)') 

is quasi-isomorphism by [ HK94] Proposition 2.20 and we have a natural isomor¬ 
phism 

R#*W m A \ X m t M m )/(R,P) ~ WmA\x,M)/{R,P) 
from the etale base change property of log de Rlram-Witt complexes. 

We prove that the comparison morphism is compatible with the Frobenius struc¬ 
ture (cf. [LZ04] Proposition 3.6). Frobenius morphisms and multiplications by p 


■W m -!(Ox) 


M-^-M 


A 


, 

i(R) - 

i (R) l 

Xp 

D . p 


defines a map of log de Rham complexes 

^*(W m {X),W m (M))/W m (R,P) ^*W m - 1 (X),W m -i(M))/W m -i(R,P) 

and it factors F : WmA^ XM)/(Rp) ->■ Wm-\^[ x ,M)/{R, P y We have F = ^ F 011 
Wm^x M)/(R p) because d F £ = p F dt ; for £ G W m {Ox) and dlogm p = pdlogm 
for m G W m (A4). 

Let (A 0 ,A4 0 ) := (A, A4) x F p and R 0 := R Cg> F p . Consider the commutative 
diagram: 

Frob 


-An 


■An 


Spec W m -i(R) -5- Spec W m (R). 

It induces a map 

^Um*0(X 0 ,Mo)/W m (Ro,P) R^ m-l*0(X 0 ,Mo)/W m -i(Ro,P)> 
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where u m : ((X 0 , J\4o)/W m (Ro, -P))cry S “^ (^o)et = X«st is the canonical morphism 
of topoi. We have a canonical isomorphism 

Rw m *C> (X 0 : M 0 )/WmiRoP) ~A R U m * 0 (x,M)/W m (R,P)■ 

So we obtain F : R-A M.u m -i*O m -i- 
Proposition 6.4. We have a commutative diagram: 


R Um.*Or 


J'm—l* &m—l 


^ m A(X,M)/(U,P) 


Wm_ iA* a - : m)/(R,P)- 


Proof. By the simplicial method as above, we can assume that (X, Ad) is embedded 
in a log smooth scheme ( Y,J\f ) which admits a log Frobenius lift {(F m , Let 

—> {Ym,Nm) be the given lift of the absolute Frobenius. The 
map F : R u m *O m —A M.u m -uO m -i is represented by the map 

®Y m /W m (R,P) ^Yrr,-! ®Oy„_i ,AT m _i)/W m _i(R,P) 

which is induced by 4> m . 

By the properties of log Frobenius lifts, we have a commutative diagram 


Oy m ®0, m A* Y m Xm.)/Wm(R,P ) 


Wmh-*x:,M)/(R,P) 




and this is identified to the diagram in the proposition. 


□ 


7. Comparison theorem 


Let R be a Z( p )-algebra such that p is nilpotent in R. 

7.1. NCD case. Let Y be a log scheme over S = Spec R. We assume that the 
structure morphism Y —A S has etale locally on Y a decomposition 

Y A Spec(A = i?[Ti,...,T„],P = N e ©N / ) —A Spec# 

with u exact and etale (in the usual sense), 1 < e < n, f > 0, and (A, P) is the 
pre-log ring we discussed in §4.1[ If A' is a smooth scheme and D is a normal 
crossing divisor on X, the log scheme (A, D) satisfies this condition. 

First we consider the log scheme X := Spec(A = i?[T 1; ... ,T n ],P = N e ©N^). 
Let (A m = IF m (R)[T -\,... ,T n ],P) be the pre-log ring of the type we discussed in 
(4.1 Then X m := Spec (A m ,P) is a lift of X over W m {R). Let cj) m : A m+1 —A A m 
be the morphism defined by F : W m +i(R) —A W m (R) and T) —A If for 1 < i < n. 
The morphism and the multiplication by p morphism xp : P —A P define a 
morphism of log schemes : X m —A X m+ i. Let S m : A m -A W m (A) be the 
morphism induced by the canonical morphism W m (R) —A W m (A) and T) a [T)] 
for 1 < i < n. We denote by A m : W m (X ) —a X m the morphism corresponding to 
S m and the identity morphism on P. The pair ( X m ,A m ) defines the comparison 
morphism 


A*-„ 


./W m (R) 


W r 


i-^-X/R- 


If / = 0, the family (X m , 4> m , A m ) m is a log Frobenius lift of X and the comparison 
morphism coincides with the morphism induced by the log Witt lift (X m , A m ) m in 
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Theorem 7.1. The comparison morphism 

^X rn /W m (R) WmA'x/R 

is a quasi-isomorphism. This morphism is functorial. 


Proof. We prove that the canonical comparison morphism of complexes 


A( A m ,P)/W m {R) 


W m A *a,P)/R 


is a quasi-isomorphism. We have a decomposition of complexes 

= W m A( A ’ p y R ® W m A( A f P y R1 

where W m A™ A * p y R (resp. W m A^ C py R ) is the integral part (resp. the fractional 
part). By the formula of derivation on log basic Witt differentials given in fj4j we 
see that W m A is acyclic. The comparison morphism maps A* 4 P y w 

isomorphically to the complex because the comparison map sends the 

log p-basic differential 


;i-/iug 


\i£J 


j ^ n dlo § j ■ Tkl ° {p~° ldpkl1 dT kl1 )■■■ (p-° rd *A dT k ‘i ) 


to the following log basic Witt differential: 


fjjdlogc^ • ( Y[ d log Xi j • X kl o( F HIl) dX pHIl)kl i) ■ ■ ■ ( F HI,) dX ptWkl ‘). 

Vie J / \ie/_oo / 


□ 


Theorem 7.2. Let Y be a smooth scheme over R and D be a normal crossing 
divisor ofY. Then the canonical homomorphism 

^(Y,D)/W m (R)*0(X,D)/W m (R) -t W m A* YD y R 

is an isomorphism in D + (Y , W m (R)). Moreover, if R is Noetherian and Y is proper 
over R, we have a canonical isomorphism 


Hf og _ crys ((Y,D)/W(R)) —¥ mUY,WA^ D)/R ). 

Proof. Using the similar method of [LZ04 J Theorem 3.5, we may assume that 
(Y, D) = Spec(A = R[Ti ,..., T n ],P = N e ), where the log structure is given by e, (->• 
Tj. There is the canonical log Frobenius lift (Spec(W TO (i?)[Ti,..., T n \,P), <f> m , A m ) m 
of (y, D). Since the pre-log ring (A, P ) is log smooth over R , the comparison mor- 
becomes the map A * 4 P y w ^ t W m A* AP y R . Hence the first 
The proof of the second claim is similar to that of 

□ 


phism of 14.1 


claim follows 
Theorem 12.111 


rom Theorem 7.1 


7.2. Semistable case. We prove the comparison theorem for semistable log schemes. 
Let (Y, M) be a log scheme over S = Spec(i?,N) of the following type: 

Etale locally on Y, the structure morphism Y —> S has a decomposition 

y A S P ec(A = R[T 1 ,..., T n ]/(Ti • • • T d ), P = N e © N f ) A 5 


with u exact and etale (i n the usual sense), 1 < d < e < n, / > 0, (A, P) is the pre¬ 
log ring we discussed in 14.2 and 6 is induced by the diagonal map N —> N e © N^. 
Obviously, semistable log schemes over S (Definition |2.4| (2)) satisfy this condition. 
Set 


W m A — W m A Y y R ,{*}) , A — W m A Y y R ^y 

Let t m £ W m {M) be the image of the base of N under the morphism N —> M —> 
W m (M) and 9 m = d\ogt m £ WmA 1 . 
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Lemma 7.3. We have the following exact sequence: 

0 -A W m (0 Y ) = W m A° ^ WmA 1 ^a W m A 2 

Proof. It is easy to see that this is a chain complex. Since the question is local and 
using the etale base change property, we can assume that 

Y = Spec(A = R[T X ,..., T n \/(T X ■■■T d ),P = N e ®W). 

By Proposition |4.7| there exists a decomposition 

WmA* A py R = WC' A py R ® WC* A py R . 

Dehne c : W m A* Ap y R -A lP m A*^pjy fl by (a, b A 6 m ) i-a- b. It is easy to see 
(A0 m ) oc + co (A0 m ) = id. □ 


Lemma 7.4. The canonical morphism W m A* — >• W m A * induces an isomorphism 

W m A'/(W m A*" 1 A 0 m ) ~ W m A*. 

we have an exact sequence: 

0 -4 W m A — 1 ^a W m A* -a W m A* —a 0. 

Proof. It can be easily seen that the surjective morphism W m A* —> W m A* factors 
W m A*/(W m A * _1 A 0 m ) and {W m A*/(W m A * _1 A 9 m )} is a log F-H-procomplex 
over (Yj M.y)/(R, N). This implies the canonical surjective map 

^-W m (Y,MY)/W m (R,{*}) W m A*/{W m A* 1 A 6m) 

factors h-w m { Y ,Mv)/ Wm {R, N)' 

Let {E* % } be any log F-H-procomplex over (Y, M)/(R, N). There is a mor¬ 
phism {W m A*/(W m A ,_1 A 0 m )} -4 {F^} of log F-H-procomplexes obtained by 
the composition 

{WmA'/iWmA- 1 A 6 m )} -A {W m A*} -A {F^}, 

where the second arrow is induced by the universal property of { W m A *}. Moreover, 
it is unique morphism that fits into the following diagram 

{^W m (YM)/W m («,{*})} -- [WmA'/{WmA- 1 A 6m)} 


{EVt 



because the top arrow is surjective. Hence we proved {W m A* / (W m A* 1 A 6 m )} 
has the universal property and {W m A*/(W m A ,_1 A 6 m )} —I {W m A*} is an isomor¬ 
phism. The second claim follows from the isomorphism and Lemma |7.3[ □ 


Let X = X dt e,n,f '■= Spec(i?[Tj,..., T n \/(Tj • • • T d ),N e ® N^) be the log scheme 
corresponding to the pre-log ring of f 4.2 over S = Spec(i?,N) for 1 < d < e < 
n, f > 0. Consider the closed subschemes Z x := V"(Ti • • -T d _i) and F 2 := V(T d ) 
and Z = Z x D Z 2 of X endowed with the inverse image log structure of X. We 
find Z\ — X d — X e ^ n f : Z 2 — A Xen yZ — X d — i,e— i,n—i,/+i* If -A .— kei (Ox ^ 
Ozf) (i = 1, 2 ), we see X x + I 2 = ker (Ox — A Oz) and 1\ fll 2 = 0. Then we get the 
following exact sequence of Ox-modules: 


0 -A Ox ^ Ox/1 i ® Ox/li ->• Ox/(h +I 2 ) -t 0. 
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The log differential sheaf AL, S is a free Ox-module because A x ^ s is the quotient 
of 

e n / 

0 OxdlogTi © 0 OxdTi © 0 Ox d log a 

i—1 i=e +1 i= 1 

divided by the submodule generated by d log Ti+- • -l-dlog T e +dlog ciH-bdlog c/. 

Hence we obtain the exact sequence 


0 -A A^yg -t (Ox/Ti 0o x A^ /s )ffi(Ox/J 2 ®o x Ax/s) 

—t Ox/(Ti + X 2 ) 


?x Ax/s 


0 . 


Since closed immersions Z, t ^ X (i = 1,2) and Z ^ X are exact closed 
immersions defined by a coherent sheaf of ideals of Aix, canonical morphisms 
Ox/^i ®Ox Ax/s ^ A Zi/s = *md Ox/(Ti © X 2 ) ®Ox Ax/s ^ A z/s 

isomorphisms (Chapter IV, Corollary 2.3.3 of |OguQ 6 | ). So we obtain the exact 
sequence 

0 . 


0 -A A^yg 


A^/S 1 


1 A k/S 


^z/s 


We prove the existence of Mayer-Vietoris exact sequences for the de Rham-Witt 
complex in semistable cases. We write W m A x ^ R as W TO A^yg, and so on. 
Define K. t := W m ^)W m l m x/s + dW OT (Zi)W m A^ C W m A^ /s (* = 1,2). From 
the fact W ro (Xi) + W m (X 2 ) = W m (Xi + X 2 ), /Ci + /C 2 is equal to 

W m {X x + l 2 )W m l' xls + dW m (X! + X 2 )W m A^. 

( 2 ) we get W m AJyg ~ W m A^g/Kj (* = 1 , 2 ) and 


3.11 


Wm^x/S 


W m A' Zi / S 1 


' W m A* Z2 / S 


W m A z / S 


0 . 


Then from Proposition 

WmAz/S - Wm^x /S /(IC 1 +IC 2 ). 

Lemma 7.5. X/ie following sequence is exact: 

0 

Proof. Since the sequence is identified to 

0 —> W m A* x / S —> W m A x/s /ICi © W m A x / S /JC 2 —> WmA x / S /()Ci + /C 2 ) —> 0, 

it suffices to show that the morphism W m A x , s —> W rn A* z ^ j S © W m A^ , s is injec¬ 
tive. Let u> £ W m A* x , s be an element of the kernel of this morphism. By Corollary 
|4.6[ we see uj is uniquely written as a finite sum of log basic Witt differentials 
J2k,v,J e m(£k,v,J,k,P,J), fk,v,J G VU(k > W / m _ u ( fc +)(i?) where k runs through all 
weights such that [1 ,d\ <jL Supp + k, p m_1 • k + is integral and J runs through all 
subsets of [1, /]. The image of u in W m A*y S is the sum of log basic Witt differen¬ 
tials e m (fk,v,J,k,P, J) of W m A Zi / S such that [l,d— 1] fL Supp + k. Similarly, the 
image in W rn A* z , s is the sum of log basic Witt differentials e m {fk,v,Ji k, V, J) of 
W m A Z2 / S such that d ^ Supp + k. If we apply Corollary 4.6 again to Z\ (resp. Z 2 ), 
we get fk.v.j = 0 for k that satisfies [1, d — 1 ] Supp + k (resp. d Supp + k). We 
conclude w = 0. □ 


Proposition 7.6. The following sequence is exact: 

0 —► W m A* x j S — > W m A* Zi / S © W m A* Z2 / S —> W m A* z / S > 0. 

Proof. We prove by induction on the degree. Since we have an exact sequence 
0 -© W m (Ox) -t W m (Ox/X 1) © W m (Ox/X 2 ) -© W m (Ox/(l 1 +x 2 )) -A 0, 
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the sequence is exact on degree zero. From Lemma 7.4 and Lemma 7.5 we get the 
following exact commutative diagram 


■ WmA ^ 1 


A0„ 


0 


W m A l x 


w m X x 


0 > W m A*- 1 © W m A*- 1 W m ~A\ © W m A* Za - W m X Zi © W m A^ 2 - 0 


• W m A z 


i-1 


A Orr 


W m A* z 


w m A' z -- 0. 


0 

Using this diagram and nine-lemma, the proposition follows by induction. □ 

For X = Spec(^4 = R[T 1: ..., T n \/(T i ■ • • T d ), P = N e © N J ), we set X m by 

X m :=Spec {Am :=W m (R)[T u ...,T n ]/(T 1 -■-T d ),P). 

There are morphisms of log schemes 4> m : X m —>■ X m+ i and A m : W m {X) —> 
X m as the case of Spec(i?[Ti,..., T n ], N e © N^). The pair (. X m ,A m ) defines the 
comparison morphism 

A x m /s m W rn A*x/Pc 

If d = e and / = 0, the family (X m ,<& m , A m ) m is a log Frobenius lift of X and 
the comparison morphism coincides with the morphism induced by the log Witt 
lift (X m , A m ) m in 

Lemma 7.7. Assume d = 1. Let X m = Spec(A m = W m (R)[Ti ,..., T„]/(Ti), P = 
N e ©N^) be the canonical lift of X over S m = Spec(W m (i?),N). Then the compar¬ 
ison morphism 

A a : m /Sm W m A* x / S 

is a quasi-isomorphism. 

Proof. First, we consider two log structures on a ring A = R[Ti ,..., T n ]/(Ti) over 
(i?, N). The one is defined by 

N e ®N f -A A N e 3 i —y 0, i —y {i ^ 1), N f 9 Ci i-A 0 

and the diagonal morphism N —>■ N e © . 

The other one is given by a diagram 

(1,0,0) Q := N©N e_1 ©N 7 - A 

1 N- *-R, 

where the upper horizontal morphism is induced by 

( 0 , e,, 0 ) h -> Ti, ( 1 , 0 , 0 ) i—> 1 , ( 0 , 0 , Ci) H > 0 . 
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The morphism of monoids Q —> N e ® lA defined by 

( 1 , 0 , 0 ) H- ( 1 ,( 1 ,..., 1 ), ( 1 , - - -, 1 )), 

(0, e,, 0) (0, ei, 0), 1 < i < e - 1, 

( 0 , 0 , a) ( 0 , 0 , Cj), 1 < i < / 

gives a map (A, Q) —► {A, N e ©hA) of pre-log rings over (i?, N). 

There is also another log structure on A over (A {*}), which is given by ® FA 
A that sends e, to T* for 1 < i < e — 1. We get a diagram 

(A, N e_1 ® FA)->■ (A, Q) -^ (A, N e ® FA) 

AAA 

(A{*»-- (AN) = (AN). 

We also have a similar diagram for A m = W m (R)[Ti, ..., T„]/(Ti). 

They induce a diagram: 

A* a • ^ 012 > a • 

(A m ,N e - 1 ®NA)/(W„ l (ii),{*}) ;=?''* (A m ,(3)/(ff m (H),N)y ' (A m ,N e ®NA)/(W m (ii),N) 

' < ^ S' ^ S’ 

^ Wm,A.*A,Q)/(R ,N) ^^A'a.N'SN'J/W 

It is easy to see that ai is an isomorphism. «2 is also an isomorphism because the 
canonical morphism Q sp —> Z e ® iJ induced by Q —> N e ® FA is an isomorphism. 
We also have isomorphisms 

^-(W m (A),N e - 1 ®NA)/(W m (iJ),{*}) — A (W m (A),0)/(rV m (fl),N) — ^(rV m (A),N e ® N-0/(W m (fl),N) 
by the same reason. 

By the construction of the log de Rham-Witt complexes, A and fa are also 
isomorphisms. Hence we only have to show 

■^(A m ,N e_1 ® W)/{W m (i?),{*}) ®NA)/(K,{*}) 

is a quasi-isomorphism, but this is Theorem |7.2| □ 

Theorem 7.8. Let X m = Spec(A m = W m (R)[T u ..., T„]/(Ti • • • T d ), P = N e ® FA) 
be the canonical lift of X over S m = Spec(W m (i?), N). Then the comparison mor¬ 
phism 

A A - m /S m Wmb-'x/S 

is a quasi-isomorphism. 

Proof. The comparison morphisms are compatible with the Mayer-Vietoris sequence, 
i.e., the following diagram commutes: 

®" ** A X m /S m ** A(!zi) m /S»» ® A (Z 2 )m/S m * ^ A Z m /Sm 0 

V V 

0- W m A* x/s ->■ W m A* Zi/s © W m A * Z2/s -^ W m A.* z/s -- 0. 

Consider the long exact sequences of hypercohomology and using descending in¬ 
duction, it suffices to show when d = 1 and it follows from Lemma|7.7[ □ 
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Theorem 7.9. Let (Y. A4) be a semistable log scheme over the pre-log ring (R, N). 
Then the canonical homomorphism 

®W(Y,A4)/IV m (R,N)*C , (Y,M)/IV m (R,N) W m A.*Y,M)RR,N) 

is an isomorphism in D + (Y , W m (R)). Moreover, if R is Noetherian and Y is proper 
over R, we have a canonical isomorphism 


-^log-crys ((Y,M)/W(R, N)) -A 

Proof. This follows from Theorem |7.8| by the similar proof to that of Theorem 

m\ ' □ 


8. Weight spectral sequence and its degeneration for semistable 

SCHEMES 


In this section, we define the p-adic Steenbrink complex for proper strictly 
semistable log schemes. First we recall some facts about topology of log struc¬ 
tures. 


8.1. Topology of log structure. We recall some facts about the topology of log 
structures f |Shi02j §1.1, |01sQ31 Appendix). 

Definition 8.1. f [Shi02l Definition 1.1.1) A fine log scheme (X, Ad) is said to be of 
Zariski type if there exists an open covering X = Xi with respect to the Zariski 
topology such that each (Xj, M\xi) admits a chart. 

Remark 8.2. If X is a smooth scheme with simple normal crossing divisor D , the 
log scheme (X, D) is a fine log scheme of Zariski type. A strictly semistable log 
scheme is also a fine log scheme of Zariski type. 


Let X be a scheme and r : X^ t —> Xz ar be the canonical morphism of topoi. 
For a log structure (Ad, a) on X, the log structure (r*Ad,T*a) with respect to the 
Zariski topology on X is defined by 

r*a : r*Ad T*0 Xit = Ox Zar - 

Conversely, for a log structure (AT, c/) with respect to the Zariski topology, we 
define the log structure (t*AT ,r*a') on X as the associated log structure to the 
pre-log structure 

t~ 1 M' t~ x O x , z „ -a O x , t . 

The pair (t*,t*) induces an equivalence of categories 

f Fine log schemes \ ( Fine log schemes with \ 

y of Zariski type ) ~~ \ respect to the Zariski topology J 

f [Shi02 ; Corollary 1.1.11, |01sQ3l Theorem A.l). 


Remark 8.3. Let / : (X, Ad) —» (Y,Af) be a morphism of fine log schemes with 
respect to the Zariski topology. Then for m > 1, there is a quasi-coherent sheaf 
Wmh*(x,M)/(Y,N) on -Tzar that satisfies the following condition: If there is a com¬ 
mutative diagram 

R! 


X ----K 

where vertical arrows are open immersions and there is a chart ( Q -A Ad| u,P -A 
J\f\y,P -A Q) of the morphism (U,M\u) —> (V,N\v)- Then we have a canonical 
isomorphism 

r([d, W m A lx,M)/(Y^T)) — Wm^* S ',Q)/(R',P)■ 
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This follows from the similar argument to that of Proposition-Definition 3.10[ 

We see that W m A* x M \hyM) ec l ua l to the complex of etale sheaves defined by 

u ^ r(17, 

for any object n : U —> X in X& by Proposition |3.7[ Hence 

^Zar(^) ^rnh(x,M)/{Y^f)) ~ W m h>\x,M)/{Y,M)) 

by (Full) Proposition 5.7.5. 


In fjSj we consider strictly semistable log schemes as fine log schemes with respect 
to the Zariski topology. By abuse of notation, we write ^m^xM)/{YM) f° r the 
log de Rham-Witt complex with respect to the Zariski topology. We use the setting 

of O 


8.2. Poincare residue map. Let Y be a proper strictly semistable log scheme 
over S = Spec(.R, N) such that R is Noetherian and Yi,... , Y<z its irreducible com¬ 
ponents. For a subset J = {m,..., ay } of [1, d], we set Yj := Y ai D • • • D Y aj . We 
give a filtration Pj of W m A* := IP m Ay/,g by 

PjWmA 1 := imag e(W m V W m ^ R -»• WjP), 

where denotes the (classical) de Rham-Witt complex defined in LZ04 .. 

We first define a map 

pj : G rj W m A* := PjW^/Pj-xWjS 

by w ha oj A dlog[T Ql ] A • • • A dlog[T Qj ], where Ti,... ,T n are local coordinates of Y 

such that each Y) corresponds to Tj =0. One can show this map is independent of 

the choice of local coordinates by a similar proof to [Del70j (3.5) . Let Ij be the 

ideal of Oy corresponding to the closed immersion ij : Yj Y. We would like 

to show that pj factors through ij*W m D*. - -) For this, it suffices to show that 

Yj/ft 

pj(auj) = pj(da Aw) = 0 for any a G W m (Ij) and w G W m &*f 3 R . Any a G W m (Ij) 
can be written as a finite sum: 

m— 1 

a=J2 Vi i c i )T ^+--- + cf ) T aj ], 

i =0 

where c[’' ) G Oy. Hence we can assume a = v '[c\T ai + ■ • • + CjT aj \. By [DLZ12 ' 
Proposition 2.23, we have an expression 

[ Cl T Ql + • • • + Cj T aj } = Y, Pk[T ai ] kl ■ • • [T aj ] k >,0 k G v<k> W m (R), 

fc:weight,|fc| = l 

where k : [1 ,j] —► Z> 0 [l/p] runs through weights such that |fc| = k\ H-+ kj = 1. 

For a weight k , let u(k) denote the least nonnegative integer such that p u ^k is 
integral. If /3 = rj, the expression j3\T ai ] kl ■ ■ ■ [T aj ] kj means 

v<k \v[T a A pUik)kl ---[T aj ] pUWk n. 

Note that p u ^k\,... ,p u ^kj G Z> 0 . 

Without loss of generality, we may assume that a = 1 (? l[T ai ] 11 ■ ■ • \T aj ] l i) with 
V G W m (R),t , h,... ,lj nonnegative integers such that at least one of Zi,... ,lj is 
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positive. We have 

( V \v[T ai ] h ■ ■ ■ [T aj ] lj ) • w) A dlog[T ai ] A • • • A d\og[T aj ] 

= V \v[T ai } h ■ ■ ■ [T aj ] h ■ F± u A dlog[T Ql ] A • • • A dlog[T a .]) 

= 0 modulo Pj_iW m A * 

since at least one of h,.. ■ ,lj is positive. Hence we see pj(auj) = 0. Similarly we 
see pj(da Aw)=0 because 

(d v \r,[T ai ] h ■ ■ ■ [T a .] l A Aw)A dlog[T ai ] A • • • A dlog[T Qj ] 

= d v \r,[T ai ] h ■ ■ • [T aj ] l > A pt u; A dlog[T ai ] A • ■ • A dlog[T aj ]) 

- V ‘ (ri[T ai ] h ■ ■ ■ [T aj ] 1 * A Ft du A dlog[T Ql ] • • • A dlog[T aj ]) 

= 0 modulo Pj_iW m A m . 


Hence pj induces the map pj : -A- GrjW m A*. 

Let be U|j| =J - Yj and jA) : yCi) —> y the canonical map. From the collection 
of maps {p,j}\j\ = j we obtain a map t GrjW TO A*. We sometimes 

drop '<*A when there is no risk of confusion. 

Lemma 8.4. -> GrjW m A m is an isomorphism. We call the in¬ 

verse isomorphism of this map Poincare residue isomorphism Res : GrjW m A* ~ 

i^W fl 

U w m My U)/R - 

Proof. Without loss of generality, we can assume S = Spec R and 
y = Spec(i?[Xi,..., T n ]/{T 1 • • • T d ), N d ). 


In this case, we find 

Yj = Spec(i?[Ti, ...,T ai ,...,T a .,..., T n ]) 

is the spectrum of a polynomial ring. On the other hand, an element of GrjW m A* 
has a unique expression as a sum of basic Witt differentials with |/-oo| = j■ We 
already know the basic Witt differentials on the left hand side ( I LZ04 I §2.2). Com¬ 
paring the basic Witt differential on both sides, the claim follows. □ 


8.3. Weight spectral sequence. We are ready to construct the weight filtration 
of a strictly semistable log scheme. Put W m A l i := W m A ,+J ’ +1 / P.jW m A l+ ^ +1 . 

Lemma 8.5. There exists the following exact sequences: 

0 -A W m A’ WmA io ( . ~ 1), ^ , A > w A n ±± Vfl A 




Proof. It suffice to show the exactness of the following sequence (cf. jMok93) Propo¬ 
sition 3.15): 


ffi m A I_1 ^ W m A 1 


>W m A i+ 1 /P 0 W m A i+1 


(-l) i 0 m A 


> w m A i+2 /p 1 w m A i + 2 iy9 ™~> 


We deduce the exactness of this complex by a similar argument to that in Lemma 

El □ 
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We consider W m A** as a double complex by 
W m A^ +1 

(-i) i e m A 


(—1 y +1 d 

- - w m A *+w 


(cf. | jNak05| (2.2.1;*)). Consider a simple complex 

W m A l * :=(••• W m A i+ i +1 /P j W m A i+ i +1 


> • • • )j> 0 > 


and define a weight filtration on this complex by 

PkW m A* := 

(... ( ~ ire - A > (P 2j+fc+1 + P j )(W m A i+ i+ 1 )/P j W m A i +i+ 1 ( ~ 1),9mA > • • • ),-> 0 . 
If we ignore the compatibility with the Frobenius, we obtain an isomorphism 
Gr k W m A*' = 0 Gr 2j+k+l Wml* + 3 +l {-j}. 

j>max{-fc,0} 


Res 


0 w / m n*% (2j+fc+1) j R {-j - &}*{-.?}•, 


j>max{-/c ,0} 

where, for n £ Z, {?r}» (resp. {n}*) denotes the shift of the complex with respect 
to • (resp. *) by n with the signature of differentials unchanged. Hence we get a 
spectral sequence: 


E -k, h +k = 0 h z~ r 2j ~ k (y (2j+k+1) ,w m fi 

j>max{- A; ,0} 


y( 2 j+fc+i )/r 

h 


^arG^i WmAy/( fl|N )). 

We would like to construct a spectral sequence also for the non-truncated de 
Rham-Witt cohomology. The canonical projection map n : IF m +i A* —► W m A * 
satisfies n(PjW m+ iA*) C PjW m A*. Then 7r induces the map 

7T : Wm + i4 ‘ 3 -> W m AV 

and there exist two commutative diagrams 

W m+1 A^+l ^4 W m A^ +1 W m+1 A^ 

> 

(-i) i e m+1 A 

W m+ i - > ■ W m A », W m+1 A* 1 * 


A 

(-iye m A (-i y +1 d 




' 


■ 

(-l) j + 1 d 

■ WmA i+1 ’i. 


Therefore we get a morphism of double complexes 


7T : Wrn+lA" W m A*V 

For any nonnegative integer k, the projection morphism n : PfcIF m +iA* —>• P k W m A* 
is surjective by definition. We know W m A l is a coherent sheaf of W m (C>y (-module 
and there is an exact sequence 


0 Pk-iW m A i -> PkWmA 1 


Res 


W m tt 


i—k 

YW/R ' 


o. 


From this one sees that PkW m A* is a quasi-coherent sheaf of W, n ((-modules for 
each k by induction. Moreover, there exists the following commutative diagram 
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with exact rows: 


0-Pfc-rWWrA* P k W m+1 A l -5^ W m+1 n 


-^i—k 

Y( k )/R 


0 ^ P k -\W m A: 1 


P k W m A 1 


Res 


W ^ /R 


>-o. 


This exact sequence and the fact that {PkW m A*} m satisfy the Mittag-Lcfher con¬ 
dition show that the sequence 

0 -A P k WA m -a P k+1 WA* ^A W^ k+l)/R {-k - 1} -A 0 

is exact. The weight spectral sequence (we ignore Frobenius action) 

Ei k ' h+k = 0 K~r j ~ k (y {2j+k+1 \wni w+k+l)/R ) =* HiL(t WA^ /(fl;N) ) 

j>max{-fc,0} 

is deduced from this exact sequence. 


8.4. Frobenius compatibility. In this subsection we discuss the Frobenius com¬ 
patibility of the spectral sequence we constructed in the last subsection. We assume 
that p is nilpotent in R. 


Lemma 8.6. (cf. |Mok93] Proposition 4-12, [Nak05 l (10.1.16)) 

Let j be a nonnegative integer. For 1 < q < j + 1, l ^ : yb+P ^a yW denotes 
different closed immersions, and pm : ) . R -A- W m ri^ u+1) , R be a 

morphism induced by S q \ We set p m := 1 ) ,+1 pm . Then there is the 

following commutative diagram: 


GrjW m A* 


Res 


Wmn *YU)/R 




Gr 3+1 W m A * +1 

— Res 


Proof. Since we can check the commutativity locally, we may work on Yj for some 
J = {cm, .. ., otj+ 1 }. For 1 < q < j + 1, let J q = {cm,..., a ),..., oj+i}- The claim 
follows from the commutativity of the following diagram: 


GrjWmA* 


0 m A 


Gr j+1 W m A*+! 


(_11'-i+s-LW 

W v _-_is. tty o* _ j 

Wm YjJR Wm Yj/R' 


which we can check directly from definitions. 


□ 


We describe the Frobenius on torsion p-adic Steenbrink complexes. We assume 
that p n R = 0. We mention that for an integer k > n and nonnegative integer j, 
the multiplication p k : W m+ iA - 7 -A lF m+ iA J factors p k : W m -a iy m+ iA J since 
p n annihilates 


ker(W m+ iA J -a W m K>) = Fil m W m+ iA^ 

= V A y/r + d l A J y/R 


(See Proposition 3.6 1 . 
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Theorem 8.7. (cf. |Nak05| Proposition 9.8) 

Let m, k be two positive integers and j a nonnegative integer. 

(1) p n ~ 1+k F : W m A j -A W m A? is a unique morphism which makes the following 
diagram commutative: 


W m+ iAJ 

p „~i+k F 

w m Ai 


Wm. AJ 


A 'P n ~ 1+k l 


Furthermore, p n 1+k F is compatible with d and n, i.e., The following two diagrams 
commute: 


W m A* ^ d > U W m+1 A J WmA j 


1+fc F 


p n + k F p71 _l + fc F 







Wm A* —^ Wm Ai + 1 , W m +lA J Wm AT 


If F : W m A k —> W m A k is the morphism induced by the absolute Frobenius morphism 
on Y, the morphism p n ~ 1+k F : W m A k —> W m A k is equal to p n ~ 1 F. 

(2) There is a unique morphism ■' W m A 0 ^ —> W m A 0: > which makes the 
following diagram commutative: 


W m+ lA°j 

F 

W m A°i 


W m A°i. 




Furthermore, 


$ 


O') 


is compatible with 9 m A and n: 


50'+ 1 ) 

WmAW Wm.A^ + 1 


W m A°i 




■W m A°\ 


^,(i) 

W m+1 A°i W m+ \A°i 

7T 7T 

W $(j) '' 

W m A°i -=->- WmA°T 


(3) p n ~ l + k F : W m A j ->• W m M is the unique morphism which makes the following 
diagram commutative: 


Wm+ lAJ 


WmAP 


n-l + k jp 

Wm A J 


* V- 1+fc i 


p 
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Furthermore, p n 1+k F is compatible with d,(9 m A),7t and p n 1+k F on W m AP. In 
other words, the following diagrams commute: 


Wm Ai — W m AJ+ 1 


~ p"-i+ fc F ~ 

i l -- w m AJ + 1 



W m hP 


p n+k F 

e m a 




. r ,"- 1 + fc P 


W m A*+ 1 , W m A? =-*- Wm M , 


Wm V ‘ 


■ W m A ? +1 


~ p n - 1+fc F 

U' A' 4 1 -> W m A J+1 


~ .p n - 1+k F 

W m A J --*-W m A*, 




Wrr,A j 


WmV,. 


(4) The morphism p n l+k F on W m A- 7 preserves the weight filtration P on W m AT 
For an integer i > 1, p n ~ 1+l F : W m A* +,+1 —» W m A* +,+1 induces an endomor¬ 
phism 

p n ~ 1+i F : W m A i# -► W m A** 

of complexes. 

(5) Let i be a positive integer. The following diagrams commute: 


W m+ 1 A ij 


WmAV 


(-l) j + 1 d 

W m A» W m A l +W 



~ 1 + i F 


n-\-i p 


(-l) j+1 d 

W m A» -- W m A i+1 d, 


W m+1 AW -^ W m+1 A» 


W m A'i 


WmWF 


(6) The following diagram is commutative: 


(-i y +1 d ,.. 

WmA°i —P ->■ WmA lj 




p n ~ L <S> 


Wm.A°i 


(—i y +1 d 


p"F 


W m AU. 


(7) The following diagram is commutative: 

p n ~ 1 + k . 

WmAi --- 


■ Wm. A* 


~ ' ~ p n ~ 1+k F ~ ~ 

WmAi = WmAi/{e m A -*- W m A* = W m A^f{ 0 m A W m A J_1 ). 


Proof. (1) Uniqueness follows from the surjectivity of n. Since p n 1+k = p n 1+fc o 
7 t and d F u> = p F dto , the diagrams commute. We obtain the compatibility with 
projections by the compatibility of tt and p n_1 + fc , 7r and F. 
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(2) The Poincare residue morphism gives an isomorphism 
Res : W m A 0 i ->■ W m (Oy U+1) ) 
and there is the Frobenius morphism 

: W m (O tu+1) ) -A W m (Oy U+1) ). 

Define 

:= Res -1 o$W) o Res : W m A 0j -► W m T°L 

The commutativity of the first diagram is deduced from following commutative 
diagram: 

W m+1 A°f -=— ^W m A°i -^ W m (O fu+1) ) 


Res 


W m +\ (Oy(j +1)) 


$ 0 ) 




Res 


W m (Oy U + 1) ). 


The commutativity of second diagram follows from Lemma | 8 . 6 | and the commuta- 

(j) - 

tivity of p m and <E>m . Third case is trivial. 

(3) The proof of (3) is the same as that of (1). 

(4) (5) Trivial. 

( 6 ) Since we know n is surjective and tt commutes with d, this follows from the 
following commutative diagram: 


W m+1 A°j 

F 

W m A°i - 


w m+1 A « 


pF 


■W m A 


□ 


(7) Trivial. 

Theorem 8.8. (cf. [Nak05j Theorem 9.9) There exists a unique endomorphism 
: W m A** W m A** of double complexes which makes the following diagram 
commutative: 

Wm+iA'* ~^W m A**. 


V $ 

W r „A % * 


(»;•*) 


The endomorphism defines an endomorphism : W m A* —» W m A* and 

there is the following commutative diagram: 


Wm A * WmA * 


9 m A 

WmA 


,P n 


e m A 


W m A*, 


where is the endomorphism induced by the absolute Frobenius. 
The Poincare residue isomorphism Res induces an isomorphism 


Res : GrkW m A * ~ (J) (W / rr!^y ( 2 3 +fc+i )/& 

j>max{-fe,0} 


(-iy+i d ) { -2j - k} 



















ON RELATIVE AND OVERCONVERGENT DE RHAM-WITT COHOMOLOGY 


43 


which makes the following diagram commutative: 


GrkW m A ©j>max{-fc,0}(^*n^y(2*+fc+i)yjj! ( l) J + 1 d){ fc} 

Gr k W m A' (-l) J ' +1 rf){-2j - *}. 


Proof. Define by 

<?,(»;•*) _ f P™ (• = 0)i 

m \ p n ~ 1+ *F (. / 0). 

The commutativity of the second diagram follows from the following commutative 
diagram: 


Gr k W m +iA* 9 


j>max{ — k,0} ^m+l^y (2j+k+l) jR 


i-j—k 


P'F 


Gr k W m A “ 


,{-j} 


pi+ k (p i -i- k F) 


Res 


© 


3 >max{-Jc, 0 } //{ 


{©}, 


which immediately follows from the definition of Res. □ 

By the comparison theorem |7.9| we obtain the following theorem: 

Theorem 8.9. (1) There exists the spectral sequences: 

E -k,h+k _ 0 H ^- k (Y^+ k +^/W m (R))(-j-k) 

j>max{-fe,0} 

=► Ks-cry S (Y/W m (R,m 

(2) Set 


W A*:=lim W m A*, WA* := lim W m A\ 

i - m i - m 

4 -(™) ;= lim T© : WA' -t WA\ $(";•*) := lim : WA m * -> W A** 

i - m i - m 

Then there exists the spectral sequence: 

E -k,h+k = 0 H h£j-k(y(2j+k+ 1)/W r (j R) )( _j _ A:) 

j>max{-fe,0} 

=► -^log-crys (Y/W(R, N)). 

We call this spectral sequence the p-adic weight spectral sequence. 

8.5. Gysin map. In this subsection we describe Gysin maps defined on the de 
Rham complexes, the de Rham-Witt complexes and the crystalline cohomology, 
and their relation. 

Let X be a smooth scheme over a scheme S and D be a smooth divisor of X/S. 
The Gysin map of the de Rham complexes G^y x : Q* D / S { — 1} —> 
derived category of sheaves on X is equal to the boundary morphism of the exact 
sequence (cf. |Mok93| §4.1) 

0 ->■ ^x/s A* x,d)/s °- 

Next, We recall the Gysin map of the crystalline cohomology. Note that the 
Gysin map in the crystalline cohomology is originally defined by Berthelot |Ber74| , 
but the construction in [NS08] is convenient for our purpose. Let (S,Z, 7 ) be a 
pd-scheme such that p is nilpotent in S. Set So := Spec(0s/X). Let X be a 
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smooth scheme over So and D a smooth divisor on X over So- We denote by 
a the natural closed immersion D X . Let az ar '• (DzaT,Ou) —► (Xz aT ,O x ) 
(resp. a ciys : ((D/S) clys ,0 D/s ) -» {(X/S) crys ,O x /s)) be the induced morphism 
of Zariski ringed topoi (resp. crystalline ringed topoi). The Gysin map of the 
crystalline cohomology is defined as follows. 

Choose an open covering X = (Jig / 0 X l ° such that there exist a smooth scheme 
Y l ° with smooth divisor Z l ° on Y l ° over S and a cartesian diagram 

Xio _^ Y i 0 

A A 

D\ x *o - 

Fix a total order on I 0 and let I be a category whose objects are i = (io ,..., i r )'s 
(io < ii < -■ - < irY £ Z>o). Set {i} := {io, ■ ■ ■ ,i r }- For two objects i,i' £ I, 
a morphism from i' to i is the inclusion {%} °-> {*}. By abuse of notation, we 
sometimes write simply i instead of {i}. 

Set D l ° := D\ X i 0 ■ For an object i= (io, ■ ■ ■, i r ), we set X- := n,,=i , D- := 

fj ^ =1 D 1 ’. Then (X*,D*) is a diagram of log schemes, i.e., a contravariant functor 

7 op —► LogSch 

over (X,D). By j NS08 ; (2.4.0.2), there exists a closed immersion (X*,D*) c —> 
( Y*, Z*) to a diagram of smooth schemes with smooth divisor over S. Let a* : 
D * X* and 6 * : Z* Y* be diagrams of the natural closed immersions. By 
using Poincare residue isomorphism, there is the following exact sequence 

0 —>■ Qy./s -t h-(Y’,Z’)/S ^ 0- 

Let L x ./ S (resp. L D ./ S ) be the linearization functor ( [BQ781 Construction 6.9) 
with respect to the diagram X * c —► Y* (resp. D * Z*) of closed immersions 

of schemes. Let L( X ’,D’)/s be the log linearization functor (' [NS08 1 §2.2) with 
respect to the diagram (X* ,D*) —> ( Y*,Z *) of closed immersions of log schemes. 
Let Q x /s ■ (X/S)jl crys —> (X/S) crys ,Q X '/s ■ (X*/S)^ crys —► (X*/S) crys be the 
natural morphisms from the restricted crystalline topos to the crystalline topos 
( |Ber74| IV 2.1). Then we have morphisms 

Qx/s '■ (( X/S)-R Cr y S ,Q* x / S O x /s ) —t ((X/S) ciys ,O x/s ) 

Qx'/s '■ ((X'/S)ncr y s,Q X ’/s®x’/s) -t ((X*/S) crys , O x »/s) 

of ringed topoi ( |Ber74| IV (2.1.1)). 

The following diagram is commutative by [NS08] Corollary 2.2.12: 


1 -modules ) 

i _ | 

( Oy • -modules \ 

V HPD differential operators J 


l HPD differential operators J 


L o’/s 


(Crystals of C^./g-modules) 


L x • /s 


(Crystals of O x . /s-modules), 


where Z (resp. Y ) is the pd-envelope of the closed immersion D m ^ Z * (resp. 
X * c —> Y*) over (5,7,7). Hence we have the following exact sequence: 

0 —► Q x ./ S L x ./s(^y-/s) Q*x’/sI j x’/s(^*y\z’)/s) 

Qx m /S a cTys*-^D m /s(^Z m /s ){~~^ 0 
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Let 9 X /S ,crys : ( X'/S) ciys -A (X/S) crys and 9x/S, Rcrys : (X / S) Rcrys ~^ (X / S) RcIys 
be natural augmentation morphisms of topoi. Similarly, we have augmentation 
morphisms 

®D/S, crys? ^D/S,Rcrys; ^(A',D)/5,crys; ”(X,D)/S, Rcrys- 

By [NS08I Proposition 1.6.4, we have the equality of functors Q* X i S ^O x /s, crys * — 
R^Y/S 1 ,Rcrys *Q X m /S' There is an isomorphism Rflcrys *^0jj/s,crys * — R^.Y/S,crys*R^crys* 
by [NS081 (1.6.0.13). Since a and a* are closed immersions, we see 

Md cr y S * = G C rys * i R^crys * ~ ^crys * 

m er74j III Corollaire 2.3.2). So we have the following triangle 
Qx/S^-^X/S,ciys*L X ’/s(^Y m /s) * QX/S^@X/S, crys *L X m /g(A*y. z’)/s) 

^ Q X/S^ CT y s *R^.D/S,crys *^D m / siS^ Z 9 / s)\. 1} t . 

Let e : (X,D) —> X and e* : ( X*,D *) —> X* be the canonical morphisms of log 
schemes. By the cohomological descent ( [NS08] Lemma 1.5.1), we have the natural 
isomorphisms (in derived categories) 

Ox/S — ^9 X /s,ciys*0 X >/s, 

0(X,D)/S — ^(X,D)/S,crys*0(X' : D 9 )/S> 

0 D /s — R 9D/S,CTys*OD’/S ■ 

By INS08j Proposition 2.2.7, we have isomorphisms 

Ox'/s — L\ :»/s(0*-./s), 

0{x\D‘)/s — L(x :*,i3*)/s(A(y. iZ .)/ S ), 

Od’/s — Ld^/s^d'/s)- 
We also have isomorphisms 

^X/S,CTys*Lx’/s{^XY’,Z’)/s) ~ Ay'S,crys *Re*i(x* ,D’)/S (A(y» ,Z’)/ S ) 

— Re*R0(x,.D)/S,crys*A(A\,D*)/s(A*y ,Z*)/s)- 
Hence we have the following triangle 

Q*X/s(Px/s) Q*X/S^ e *(0(X,D)/s) Q*X/S a ^ys*{0D/s){^0\ . 

From this triangle, we have the following boundary morphism 
dfl/x : Q*X/S a ctys*{0 D /s){-^} ->• Q*X/s(Ox/s)[ 1] 
in D + (Q* x ^ s (O x /s ))• Applying the global section functor, we obtain a morphism 
G^/x ■ ^T((X/S) Rcrys: Q*x /s a ciys 40 D /s)){-n ->• RT( (X/S) Rciys , Q* x/s {O x/s ))[l\. 
By |Ber74| V Proposition 1.3.1. (1.3.3), the left hand is identified to 
RB ((X/S) Rcrys iQx/s ° Cry s *(^d/s)){ — 1} — RP ((X/S) crys , a crys * (O d / g)){—1} 

— Rr((-D/5) crys , Od/s){—1} 

and the right hand is identified to 

Rr((X/A) Rcrys ,Q^ /s (O x/s ))[l] ~ RT((X/S) ciys ,O x/s )[l}. 

Therefore we have the Gysin map 

G c * y /X ■ ^T((D/S) crysl O D/s ){-l} -»• Rr((A7A) crys ,O x/s )[l]. 

The Gysin map G c ^ y , s x is independent of the choice of the open covering X = 
|Jj 6 j 0 X l ° and the diagram of embeddings (X*,D*) c —^ (Y*,Z*) f [NS081 Proposi¬ 
tion 2.8.2). 
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We define the Gysin map of the de Rham-Witt complex 

■ w m n- D/s {-i} -> w m tr x/s [ l] 

by the boundary morphism of the exact sequence 

0 —> Wm^.Y/S Wm^(x,D)/S - * WnSlj}/g{ — 1} 0. 

Since restriction maps are surjective, we also have the exact sequence: 

0 t ~t WA*( X ,d)/s * 1} 0- 

Similarly we define : ibn^ s {-l} —> ^^[1]. 

We consider the compatibility of these Gysin maps. Let S' be a scheme over Z( p ) 
in which p is nilpotent, A a smooth scheme over S and D a smooth divisor of A' 
over S. We imitate the method in |NS08j §2.4 to make a simplicial log Frobenius 
lift. 

Take an affine open covering A' = Ujg / 0 X 1 °f X such that there exists an 
etale morphism A 1 —> Ag , and D l := D n X 1 = 0 or D l is defined by the image 
of Xj £ O.ki in 0\i- Then each X 1 (resp. D l ) has a canonical Frobenius lift 

(in the sense of [LZ04 j §3.1) {A^} m (resp. {D‘ m } m ) and there is a morphism 
{D l m }m ~> {AL }m of systems which is compatible with the structure of Frobenius 
lifts. For i= (i 0 , ..., i r ) £ /, we set X- := f)^ =0 X la and D- := f)a=o D Za ■ Let 
A m a ’- be the open subscheme of A)“ defined by the image of X- —>• A^. It is 
easy to see that the induced morphism X- —► X L is a closed immersion. Set 
nt a,!) := D l £ and X'H := ><w m (S),a=o A^“’ i) . The closed immersion 

x'- ^ xfc^ induce a closed diagonal immersion X- c —>• X' r ' n . We denote by 
b : A'm 1 —> X m the blow up of X L along := x ^ ^ a=0 D^°’ l \ We consider 
the complement X 4, of the strict transform of 


U( x - 


x 


■ x A, 


(i/3- 


x D 


(ip ,i) 


x A 


(A+i.i) 


x • • • x 


A (ir>i) ) 


3=0 


in Am 1 ,where fibered products x mean hbered products over W m {S). Let 

Din = X l m n b-\D'Jn) be the exceptional divisor on X l m . Then Din is a smooth 
divisor on AL by |NS08I Theorem 2.4.2. Considering the strict transform of the 
image of A- of the diagonal embedding in AL, we have a closed immersion A- c —> 
A In- Moreover, we have Din x x ± X- ~ D-. 

We interpret [NS08 j Theorem 2.4.2 in our situation. We consider the case 
flt’') L 0 for all 0 < a < r. Then the closed immersion Dm “’*•* c —^ Am°^ is 
defined by a global section it” of A, which corresponds to the image of T\ 
of &w°L(S) UR der the map A™’’* -A A % -7 A^ (s) . Let *4L := K£ =0 £> x q„,i) be 

the structure sheaf of A^ t . Then AL is the spectrum over W m (S) of the following 
sheaf of algebras 


B- 


: =-4,[«i 


±i 


m ,1 ’ ' ' ' 5 


±1 


]/(*■ 


(*=,*) 


Vj n 


r (*o,i) 


1 < a < r), 


where it mjQ are independent indeterminants and DL corresponds to the equation 
= 0. {AL }m has a natural structure of Frobenius lift. In fact, the natural 


(i 

m—1 


X (ia ,i') 1 • i 

m and it maps im 


to x 


>>i) 

m— 1 * 


morphism A^_i —> A£j induces A 
Hence we obtain a natural map t an d it satisfies W m -\(0s) ®w m (O s ) 
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Bln ~ B i m _ 1 . Since the following diagram commutes 


X I a , \rl c 

m— 1 A 1 


XI? 




= X*“ -X J “ /pX^ 

Frob 

= X*“ ■<-X*“ /pX ia 


and the absolute Frobenius map Frob and horizontal arrows are homeomorphisms, 
is also a homeomorphism. It induces a map : ^m-i X "m “■ The 

family defines a map Am —^ ^m-i- Since it maps Xm“^ to , 

we can extend this map to Bln -A B\ n _ 1 by u m , a H > u^ n _ 1 a . 

For A m , we use the following commutative diagram: 

xt A) 

xix. 


Since X 1 —A X la is an open immersion, the morphism W(X L ) —A W(X*“) is 
also an open immersion. We also know A' 1 and W rn (X l ) have the same underlying 
topological space. Since I™ —A A’" is also open, there is a unique map A m : 
W rn (X‘) -A Xm a ’^ which makes the diagram commutative. These maps define 
A m : W m (X-) — A X We can define A m : W m (X-) -A A4 using this map and 
sending w mjCt to [«i iCe ]. 

We have the following cartesian diagram: 


A* 


D' 


> A* 


D* 


Let X* m (resp. D* m ) be the pd-envelope of the closed immersion A* °A A^ 
(resp. D* °A D ' n ). By lNS'08] Lemma 2.2.16 (2), the natural morphism D* m -A 
X m Xx< B)* m is an isomorphism. 

Let azar : L?zar — A Azar be the canonical morphism of Zariski topoi and 0.\',Zar : 
A* ar —► A'zar, &d, Zar : -D*ar ~^ -C>zar be the augmentation morphism. Then the 
following commutative diagram shows the compatibility of Gysin maps: 

/^fcrys 
D / X 

Kazar*RMD/lV m (S)*C , D/W m (5){^l} -^ ® u X/IV m (S)*C>A/lV m (S) [1] 

Kazar*KuD/IV m (S)*Qi)/xv m (S)^ , -D/tY m (S){-l} -^ ^x/W m {S)*Q*x/W m ®X/wJi)] 

\ r ^jdR. \ / 

KaZar*R^D,Zar*(f^|j« /LV m (S)){ _ ^ ^ B^X.Zar * /ty m (,g))M 

£fdRW 

KaZar*R6 , D,Zar*(W / m fl^ ) ./ S ){ — 1} - - -^ ®$A,Zar * ( W m Cl* x . / s )[l], 

where ^s^/w m (S) := ®D^®0 D ^o^/w m (S)’ ^lc' m /w m {S) := 
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Finally, we consider the relation between the boundary map of Ad-term of the 
p-adic weight spectral sequence and Gysin maps. Let Y be a stricly semistable 
log scheme over S = Spec(i?, N). We use the convension of {1.2 and 18.2 Let 
G dRW . W ro Qt ( . +1)/fl {-l} -j. W m n^. U)/R [ 1] be the Gysin map corresponding to 

different immersions i ^ : Y^ +v> —► Y^\ We set G dRW := l) 9+1 G dRW , 

and let d 1 be the boundary morphism of the exact sequence 


0 


GrjW m A* 


Gr 0 W m A* 


0. 


{Pj+i/Pj-i)W m A* 

Proposition 8.10. (cf. [Mok93! | Proposition 4-11) The following diagram is com¬ 
mutative: 


Gr j+ 1 W m A* 


Res 


■GrjWm A*[l] 

Res[l] 


W m tt 


YU+V/R 


G dRWr_ 1 

{-3 - 1 }- w m n^ j)/R { 1]{-J}. 


Proof. Let J = {aq,..., atj+ 1 } be a subset of [1, d] and J q = {a ±,..., a ),..., a.j+ 1 }. 
The residue morphism {—j} —> GrjW m A* naturally extends to a mor- 

^ Jq / 

phism W m A*. . {— j} — > {Pj + \/Pj_f)W m A*. The commutativity follows from 

\*Jq ,Y J ) / rC 

the following commutative diagram with exact rows: 

+ 1 Res 

0-- w m^y jq {-j} -- W ™ A ' ( Y Jq &){-!} - 1}-- 0 

0-- GrjWmA* -- (P,- +1 /P j _ 1 )W m A*-Gr j+1 W m A*-- 0. 

□ 


Proposition 8.11. (cf. [NakOb] Theorem 10.1) 

Let * be a positive integer or nothing. Under the residue isomorphism, 

d 1 : H£ ar (F,Gr fe W*A‘) -a M^{Y, Gr^W+A*) 


is identified with the following morphism: 

E [(—l) ,7 G crys {—2j - k + 1} + (-iy +k pA-2j - k}} : 

j>max{- fc,0} 

0 Hty! 3 ~ k (Y 1 ' 2j+k+ V / W *(. R))(-j -k)-> 

ji>max{—fc,0} 

0 Ht-V- k+2 (YW+V/W*(R))(-j -k + 1), 

j>max{-fc+1,0} 

where p* is the morphism defined in Lemma \8.6\ 


Proof. We can copy the proof of |Nak0b| Theorem 10.1 using Proposition 8.6 and 
Proposition |8.10| □ 


8.6. Degeneration of weight spectral sequence. In this section, we prove that 
the weight spectral sequence degenerates up to torsion if the base scheme is a 
spectrum of a (not necessarily perfect) field using the method of |Nak0bj . Let Y be 
a proper strictly semistable log scheme over a field k of characteristic p > 0. 

Let s = (Spec£:,N®fc*) be a log point with structure morphism defined by 
N (Bk* 9 (a,u) i-> 0 for o / 0 and (0, u) i-9 u. By [NakOOj Lemma 2.2, there is a 
subring A\ of k which is finitely generated over F p and a proper strictly semistable 
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log scheme 2) over si = (Spec j4i,N©j 4);) with the structure morphism defined by 
N©AJ 9 (a,u) 0 for a ^ 0 and (0, zt) i-9 u such that 2) x Sl s = Y. We can 

assume Ai is smooth over F p . Lift Ai to a p-adically complete formally smooth 
algebra A over W(F p ) = Z p . Let S := (SpL4,NffiA*) be a p-adically log formal 
scheme over Spf(Z p ,Z*) such that the log structure of S is induced by N©A* 9 
(a, it) i-9 0 for a ^ 0 and (0,it) 9 m . S has the pd-ideal pOg and it defines the 
exact closed immersion si ^9 S. For an affine log formal open subscheme T of 
S, let Ti := T ®z p F p be its reduction. We fix a lift of Frobenius Ft : T -9 T 
of Tj. Set 2)n := 2) x Si Pi- If t is a closed point of T\, set 2) t := 2 )ti xtj t. 
In this situation, the canonical inclusion A\ 9 k factors Ot, • Let Ot -9 W[kt) 
(resp. Ot -9 W(k)) be the composition of the map Ot -9 W{Ot, ) from [111791 
(0.1.3.20) with the natural surjection W(Ot J —> W(k t ) (resp. the natural inclusion 
W{0 Tl ) °9 W(k)). We consider W{k t ) and W(k) as Ot -algebra via these maps. 

Proposition 8.12. (cf. [Nak05j Proposition 3.2) There exists an affine log formal 
open subscheme T of S such that the canonical morphism 

K S -c r y S ^TjT) W(k) -9 K g _ ciys (Y/W(k, N)) 

is an isomorphism. 

Proof. For an affine log formal open subscheme T of S , we find 

Rr log - crys (2J Tl /T„) © q t ^ W n (k) — Mr log . crys (y/W„(fc,N)) 

by the base change theorem ( }Kat89j (6.10)). 

Let (P'.cT) be a strictly perfect complex (Definition |2.7| (2)) which represents 

Rr log _ crys (21 Tl /T). Then 

RTiog. crys (SI)7’ 1 /T n ) ©0 Tji W n {k) — KFiog-crjrsC^Ti/T) ©o T Ot u ©0 Tji Wra(fe) 

^P* ®0 T W n {k). 

Since P* ®o T W n (k) satisfies the Mittag-Leffier condition 

log-crys (F/W(fc,N)) = R|mRF l 0 g. crys (F/W n (fc,N)) 

n 

— R l^im (Rr log-crys m Tl /T n ) w n {k )) 

n 

— R^m(P* ©o T W„(k)) 

n 

— lim(P* ®o T W n (k)) 

n 

^ P* ©o T W(k). 

By [Nak05 j Lemma 3.1, we can suppose Tor® T (P| T , W[k)) = 0 for L = iP(P*) 
and Im(<P) for any j by shrinking T if necessary. Then we get 

^log-crys (2 )Ti /T) ®O t W(k) = H h {P') ® 0t W (k) 

= H h (P m ®o T W(k)) 

= K s . CIys (Y/W(k,N)). 

a 

Theorem 8.13. / 1Nak05j Proposition 3.5, Theorem 3.6) Let Y be a semistable 
log scheme over any field, of characteristic p > 0 and K be the fraction field of 
W(k). The p-adic weight spectral sequence (Theorem \S.f\ (2)) degenerates at E 2 
after tensoring with K. 
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Proof. By (Nak05] Corollary 3.4 and Proposition 8.12 there exists an affine log 
formal scheme T of S such that for any closed point t £ T the canonical morphisms 


tfiog-c rysVDrjT) ® OT W(k t ) -> H k s _ ciys (Z) t /W(k u N)), 
^log-crys 09 Ti /T) W(k ) K g _ ciya (Y/W(k,N)) 


are isomorphisms. By Deligne’s remark ( |I1175| (3.10)), we can assume there exists 
a finitely generated Z p -module M such that H k 0 ^ CTys {fQ Tl /T) — M (g>z p Ot by 
shrinking T if necessary. 


By Corollary 3.4 of |Nak05j and Proposition 8.12 there exists isomorphisms 


H^(Y^/W(k)) ~ H* ys (t$/f) ® OT W(k), 
H^ s {t[ j) /W{k t )) ~ H k ys (^/T) W(k t ) 


for all j and for all closed points t of T by shrinking T if necessary. Set 


j[p—k,h-\-k 


® 

j>max{- k,0} 




and 


G -k,h+k keT (p-k,h+k F - k +i, h +k) /i mage (F- /c - 1 ’ /l+fc -> F ~ k ’ h+k ), 

where the morphisms F~ k ’ h+k -A F~ k+1 ’ h+k and F~ k ~ l > h+k -*■ F~ k ' h+k are the 
sums of the induced morphisms of closed immersions and Gysin maps as in Propo¬ 
sition 18.111 

By the base change of Gysin maps of crystalline cohomology f |Ber74| VI Theorem 
4.3.12) and by [Nak05j Lemma 3.1, we obtain 

E~ k ' h+k (Y/W{k,n)) = G~ k,h+k ® OT W{k) 

E~ k ’ h+k (y t /W(k t ,N)) = G~ k ’ h+k ®o T W{kt) 

for all k, h by shrinking T if necessary. Using Deligne’s remark, we can assume that 
there exists a finitely generated Z p -module M~ k,h+k such that M~ k,h+k (g) Zp Ot — 
G~k,h+k Let b e the fraction field of W(kt). We have 

dim K (E^ k ’ h+k (Y/W(k,N)) ®vp ( fc) K) = dim . Wp (M~ k ’ h+k ® Zp F p ) 

= dim Kt (E~ kJl+k (y t /W(k u N)) ® w{kt) K t ), 

dim^(JJ^ g . crys (F/W(fc,N)) ® W {k) K) = dim Fp (M <g) Zp F p ) 

= dim/<- t (-ffio g - cry s (%)t/W(kt , N)) ® W (h t ) K t ). 

By the purity of the weight of the crystalline cohomology f | ICLS981 Theoreme 1.2), 
this theorem is true for 2) t /TV(fc t , N) because t is the spectrum of a finite field. By 
the above calculation of dimensions, we see this theorem is true for any field of 
characteristic p > 0. □ 


9. Weight spectral sequence and its degeneration for open smooth 

VARIETIES 


Let R be a Noetherian Z( p )-algebra in which p is nilpotent. Let X be a proper 
smooth scheme over R and D an SNCD on X over R. We consider the log scheme 
(X,D) with respect to the Zariski topology. By Theorem 7.2 we have a canonical 
isomorphism 


-^log-crys ((X, D)/W(R)) ~ H| ar (X, W\\ X>D)/R ). 
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Let D i,..., Dd be the irreducible components of X. For a subset J = {or,..., ay} 
of [1, d\, let Dj be D ai fl • • • fl D ctj . We set D^) by U|j| =J Dj for all nonnegative 
number j. Then we can show that the canonical morphism 




GrjWA* XD y R 


is an isomorphism as 18.2 


We also call the map GrjWA* x D y R 




the Poincare residue map. Using this, we obtain the following spectral sequence 
E~ k ' h+k = H h c ~ k {D^/W(R))(-k) => H k og _ ciys ((X,D)/W(R)), 
which we also call the p-adic weight spectral sequence. 


Theorem 9.1. When R = k is a field, the p-adic weight spectral sequence degen¬ 
erates at E 2 after tensoring with the fraction field ofW(k). 


Proof. The proof is the same as 


that of Theorem 8.13| (cf. 


[Nak051 Theorem 5.2). 

□ 


10. OVERCONVERGENT LOG DE R.HAM-WlTT COMPLEX IN SNCD CASE 

In this section, we extend the overconvergent de Rham-Witt complex of |DLZ11) 
to log schemes associated to schemes with simple normal crossing divisor over a 
perfect field. In this section, we work on the Zariski topology when we consider log 
structures and log de Rham-Witt complexes (See j |8.1| ). 

10.1. Overconvergent log de Rham-Witt complex. Let A: be a perfect field of 
positive characteristic p and K = W (fc)[l/p] its fraction field. Let A = fc[Xi,..., T n ] 
be a polynomial ring. We consider the pre-log ring (A, N d ),N d 9 e.; i-A Ti £ A for 
d < n. Recall that an element w of WA' a N dy k is uniquely written as a convergent 
sum (Proposition |4.3[ ) 

w = '^2e(€k,v,k,V). 
k,V 

In this section, we only consider the case that J is empty. Therefore we write 
e{£k,v,k,'P) for e{f ktV ^,k,V,9). 

For a positive real number e we define the Gauss norm 7 C by 

7eM := inf{ordp f k ,v ~ e|& + |} 
k, V 

where |fc + | = (k + ) i + ... + (fc + )„. This is equal to inf^-pjordy — e|A; + |} (see 
[DLZ11| (0.3)) because ord p £ = ordy£ for £ G W(k). 

If 7 e (w) > — oo, we say that u has radius of convergence e. We call u overcon¬ 
vergent if there is an e > 0 such that uj has radius of convergence e. We find 

7 e (wi + w 2 ) > min(7 e (wi), 7 e (w 2 )) 

and overconvergent elements form a sub differential algebra W* A^ a ^dy k of / k 

(cf. [DLZllj pp. 200). 

Proposition 10.1. (cf. [DLZ11] Proposition 0.7, Proposition 0.9) 

Let 4> : (k[Si ,..., S n \, N d ) -9 (fc[Ti,..., T m \, N d ) be a morphism of pre-log rings 
over k. The map 

0* : WA( fe [ Sli ... iSTi ] iN d )/fe -t WJi * k [T M ,...,T rn ],N d ')/k 

induces 

(j)\ . U^A^.^ _^s„],n d )/k ^^(fc[T 1 ,...,T m ],N ti ')/fe' 

Moreover, fit is surjective when both k[Si,..., S n \ -9 fe[Ti,..., T m ) and -9 
are surjective. 
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Proof. Let ui = J2k,v e (£k,v,k, V) be any element of IWAV^ g , n d )/k ■ Since w 
is overconvergent, there are e > 0 and C £ R such that ord p — e|fc + | > C for all 
k and V. For any subset J of [l,d], we set ujj := i_ oa= j e (^k,Vtk,V). Then 

we see that uij can be written as a form 

COJ = ipiog^ ' e ^,v> ,k',V). 

\ieJ J k',V 

Here Xy := [Tj], k' : [l,n] \ J — > Z>o[l /p] runs over all weights without log poles, 
V runs over all partitions of Suppfc', ( k , v , £ vu(k > W(k) and e(( k , v , ,k',V) is 
a basic Witt differential (in the sense of }LZ04] 1. We see that w = 
and that all coefficients Q k , v , satisfy ord p Ck'v ~ e \^’\ — C. Hence we obtain 

^j := J2k',v e (Cfc',-p' tk',v j £ w^n- k[Si . Sb]A . 

By [DLZll 1 Proposition 0.9, we obtain <j>(uij) £ T , , fc . We see that 

cj)(u}j) = </> | J|dlogA' 

VieJ 

because 0(IIi 6 J dlog*i) G ... ;Tm] , N ,' )/fe and W^A *^_ Tm] ^ )/k is a 

ring. This shows 0(w) £ W^A*^. 

We prove the last statement. If <j> is surjective, we can construct a map 

ip:(k[T 1 ,...,T m ],N df )-^(k[S 1 ,...,S n ],N d ) 

of pre-log rings such that <f> o -0 = id. Then for any rj £ kw A* fc j gi s j n dy k , the 
element ^>*( 77 ) belongs to W^A* fc T N<J , and it satisfies ^*^>*( 77 ) =7]. □ 

Let (P, P, a) be a pre-log ring such that P is a finitely generated fc-algebra. Then 
we can find a commutative diagram 


<Kwj) £ kFU; 


(k[Ti,...,T m ],N d ')/k 


( 3 ) 


- ^A = k[T 1 ,...,T n ] 


where the top morphism is given by —¥ Ti and the both vertical morphisms are 
surjective. It induces a map between log de Rham-Witt complexes A : WA * 4 N dy k —*• 


^A *B,P)/k' 


Definition 10.2. We define A* s p y k as the image of k0A* A N dy k under the 
map A. We call W^A* S p y k the overconvergent log de Rham-Witt complex for the 
pre-log ring (P, P) over k. 


By Proposition [l0T (cf. jDLZll Definition 1.1), this definition is independent of 
the choice of the above diagram (|3| and the correspondence (P,P) W^A* S p y k 
is functorial. Our definition of the overconvergent log de Rham-Witt complex is an 
extension of the overconvergent de Rham-Witt complex of Davis-Langer-Zink, i.e., 


^A [ BM)/k ^W^- B/k . 


10.2. Comparison with log Monsky-Washnitzer cohomology. Let k be a 

perfect field of char p > 0. We consider a finitely generated, smooth algebra P 
over Witt ring W{k) and X := SpecP. We assume there are (global) coordinates 
ti ,... ,t n of X, i.e., the morphism X —> A^ fc ) defined by is etale. Let 

B = B ®w(k) k be the reduction of P to k and be images of t \,..., t n 
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in B , and X = Spec B. We denote by V the divisor of X which is defined by the 
equation t\ ■ ■ ■ td = 0 and D its reduction to X. Let B ^ be the weak completion 
of B with respect to (p) C W(k) (in sense of [MW68] Definition 1.1). Let (B,N d ) 
(resp. (B,N d ), (BftN d )) be the pre-log ring defined by e* i-A U (resp. e* i-A ti). 

Definition 10.3. (cf. |Tsu99] §3) An endomorphism (j) of B t is called Frobenius 
if the following three conditions are satisfied: 

(1) <fi is compatible with the Frobenius map F on W(k) : 

(2) Its reduction to B ~ B' /pB' coincides with the absolute Frobenius on B , 

(3) <j) satisfies the relation = ft • u,, u, £ 1 + pB t for 1 < i < d. 

By [Chi98l Lemma 3.3.1, there exists a Frobenius endomorphism on B^ in 
this situation. Tsuzuki defined the logarithmic Monsky-Washnitzer cohomology 
FI]* g-M\v( (X. D)/K) and proved that it depends only on X and D ( }Tsu99 ^ (3.3), 
Proposition 3.3.1). 

To prove the comparison theorem between the logarithmic overconvergent de 
Rham-Witt cohomology and the logarithmic Monsky-Washnitzer cohomology, we 
have to extend the overconvergent Witt lift of 1 )LZi 1 : §3. 

By IDLZ1L Proposition 3.2, the map : B^ -A W(B) defined in 11 1179] (0.1.3.20) 
has the image in WftB). The map : B 1 ’ —> W(B^) defined in [111791 (0.1.3.16) 
maps U to the unique element whose ghost components are ( U , ftti), <j> 2 (ti ),... ). It 
easily follows by induction that ft (ti ) is written as a form ft ■ where £ B^. 
Then 2 

(tift(ti),ft(ti),... ) = (ti,ft,ft ,...)• ( 1 , Pi,l, ■ ■ ■ )• 

Since (d%,j+\ = ift <t>(Pi,j) and vft = 1 mod p 3 , we have ftj+i = ftPij) mod p 3 . 
Using |Hesl5j Lemma 1.1 with S = {p m ; m > 1}, we find there is a unique element 
vftti) of W(W) whose ghost components are 

(1, Pi,l, ft, 2 , • • • )• 

Let A <p(ti) £ W(B) be the image of vftU) in W(B) via the projection map. 

Take a presentation from a polynomial algebra A = W(fc)[Tj,... ,Tft —> B such 
that Ti is mapped to ti for 1 < i < n and lift the Frobenius <f> on B t to a Frobenius 
F on A f . 

Following the notation used in iDLZllj Proposition 3.1, we define a pseudoval¬ 
uation (cf. [ DLZ121 Definition 1.4) p e on A^ by 

He f V c k fft ■ ■ ■ T% N | = inf {ordpCfc - e\k\},c k £ W(k), \k\ = ki 3-h k N . 

\ „ / fc .Cfe^0 

yfceN^ / 

and define WftAft c W(Aft by 

W t (A t ) := {(a 0 , ai,...) £ W(ft) | 3e > 0,3 C £R,m + p e / p m(a m ) > C for allm}. 
Lemma 10.4. vp(Ti) £ WftA^). 

Proof. We find p e (Tj) = —e by definition. By the argument of [DLZllj Proposition 
3.1, we have p e / p j (FftTi)) > —e. Let a.ij := w j(vp(Ti)) £ Af. Then FftTft = 
Tf -oiij and we find p e / p j (F j (%)) = H e /pi( a i,j)-( e /P j )-P :i = p e /pft a i,j)~ e - Hence 
we get p e /pj (wj(up(Ti))) = /-i f / p j fti.j) > 0. By the proof of [DLZllj Proposition 
3.1, it is equivalent to that j+p e / p i ( vp(Ti )) > 0. This means op(Ti) £ WftA^). □ 

Lemma 10.5. (cf. [DLZllj Proposition 3.1) The projection map pr : W(Af) —> 
W(A) induces a map WftA^) —> WftA). 
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Proof. We define a pseudovaluation /i e on A by 


Pe | V CfcTf 1 • • • ry = min {—e|fc|}, c k G fc, |fe| = fei 4 -h k N . 


vfceN w 


For k : [1,1V] -A Z |JJ and £ = r] G y W(/c),weset£X fe := '(? ? Ap“ ( Jfe ). 


u{k) r]G yu(M W(/c), we set £X fe := v<k) ' 
Any element a = (ao, ai, <X 2 ,...) of W{A) has a unique expression 

' 1 ' 


a 


= J2fkX k , k:[l,N]^Z 


P 


,fk£ v W{k), 


J >o 


where w(fc) is the denominator of k. The Gauss norm 7 e on W(A) is defined by 


7e(«) = inf{ordp^ fc - e|fc|}. 
k 

By [DLZ12j Proposition 2.18 and (2.2), 7 e (a) = inf m {m + l-i f / p m Hence the 

projection map pr maps any element of W^(A^) to an element of W\A). □ 


Lemma 10.6. If (1, a±,a 2 ,... ) is in W^{A^), (ai, 02 ,... ) is in W^(A^). 

Proof. Since (1, 01 , 02 ,... ) G IW(W), there exist e' > 0 and C' G 1 such that 
m + /V/p m ( a m) > C' for all m > 1. By setting e := e'/p and C := C' — 1, 
we find an inequality (m — 1) + /r e / p m-i(a m ) > C for all m > 1 which shows 
(ai,a 2 ,... ) G Wt(At). □ 


We obtain 


w t (A t )n(i + y w(A t )) ci + Vy 


10.4 


By this argument and by Lemma 
element A_f(T, ; ) belongs to 1 + V W^{A) by Lemma 
belongs to 1 + V W\B). 


we have vpiTj) G 1 + v W\A^). The 


10.5 


Using the functoriality, 


As a result, we obtain the following diagram (cf. ( 111791 (1.3.18)): 


(4) N d + V W\B)) 

Y 

& ---ll' + (/i). 


where the right vertical arrow is induced by —> W^(B)\ e, 1 —> [ tf\ and the natural 

inclusion 1 + V W^(B) c —>• W^(B). One sees t^(tj) = [ti] ■ A 

Now we can construct a map from the differential complex with logarithmic poles 

Q gt/vr ( y) : = & ®B n § /W (k)W = & ®B A (B,N0/^( fc ) defined in IM § 3 t0 

the logarithmic overconvergent de Rlram-Witt complex W^fl* B ^ k (D) := W~ { A* fj N dy k 


/w(k)( D )^ W ' Q B/k( D ), 


which is induced by the diagram (ji^ We see a(dlogti) = dlog[fj] + dX^fti )/ 
and cr(dti) = dt^tf). Note that A ^(U) G 1 + V W\B) c W^(B) X . 
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We define a filtration {Pj} on the de Rham complex and the cle Rham-Witt 
complex by 

'■ = im& g e{ti~/ w{k) {V) ® B ^~j w{k) -»• tf S/w{k) <P)), 

: = lma ^ n Bi/W(k)^ ^gt/W(fc) ^St/W^k)^))* 

P^Wfl^P)) : = image(WfP B/fe (Z>) ® W(B) WQf~/ k —t WW B/k {D)\ 
PjiW^^D)) : = P^W^P)) n 
Since 

image(WtfP B/fc (P) ® w t (B) -+ ^tff B/fc (P)) c P,(TF^ /fe (P)), 

cr induces 

: WsywmP) “► 

The canonical morphism GrjW /1 Tl B ^ fc (P) —> GrjW Ll' B j k (D) is injective. For a 
subset J = {ai,..., ay} of [1, d), put Bj := B/(t ai ,... ,t a .). 

Lemma 10.7. There are residue isomorphisms of de Rham complexes: 

Res : Grj(fl S/w ^(V)) 0 Cl Bj j / W ( k y 

\J\=j 

Re s : Gr,(n- il/ww m -> © Sf s ~‘ 

\j\ =0 

Proof. The first claim is jDel70j II Proposition 3.6. Since B -A Pf is flat ( [Mer721 
Proposition 3) and P^ ® B Bj ~ Bj, one sees 

§< ® s G ri (a- S/wm m ~ Gr, 

and therefore 


VC 7 B\/W(k) 
U\=3 


pt <e> s ( 0 n~~ j , | 

B 1 yE? Bj/W( k) I 
\\ J \=3 / 

s' (G rj (n- S/wm (v» 


G r j(.^ B t/W(k) 


m- 


□ 


We prove the de Rham-Witt version. Note that we have an isomorphism 

Res : G rj WQ- B/k (D) ~ 0 WQ%~) k 
Pl=f 

by a similar proof to that of Lemma |8.4| 

Lemma 10.8. Let j be an integer such that 0 < j < d. Let 

N d - *A = k[T u ...,T N ] 

Q 

N d - >B 

be a presentation of the pre-log ring (P, N d ). We denote by (j) the natural morphism 
W m Ll A / k {D) := —> W m Q B / k (D). 

Let lo = Sfc,p,|/_ 00 |>j e (€k,r, k,V) be an element of W m fl* A/k (D). 

Then we have </>(w) = 0 if <j>(u>) € PjW m fl B ^ k (D). 
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Proof. By Proposition |3. 11 (2), we have 

ker <f> = W m {I)W m Q\ /k {D)+dW m {I)W m Q u ^l{D) C W m QT A/k (D) 

where I = ker(g : A —> B ). 

When J = {aii, • • •, ay} is a subset of [1, d\, we set 

Aj = k[Ti,... ,T ai ,... ,T ar ,... ,T N ] 

and Bj := B/(t ai ,... ,t a f)- The map q induces a surjective map qj : Aj —► Bj. 
We define Ij := ker qj. 

Let oj = v \i- oa \>j e (6c,"P> k, V) be an element of W m n\^ k (D) such that 

0M G PjW m ni /k {D)- 

By the construction of the (log) basic Witt differentials and Proposition 4.3 and 
[LZ04j Proposition 2.17, we obtain an isomorphism 

d 

©© w m sr Aj/k © w m n\ /k (D). 

r =0 \J\=r 


We see u> is uniquely written as the sum ^ dlogXj ■ujj where coj £ W m fl Aj j k 
via this isomorphism. For 0 < s < d, we set w s := JT j, s d\ogXj ■ ojj. 

Let r be an integer such that j + 1 < r < d and uy+i = u > r +2 = • • • = u>d = 0. It 

follows that w = Wj +1 H-+ uy and w £ P r W m fl m A ^ k (D). 

We have the following commutative diagram: 


Gr r W m Sl\ /k {D) 

Res 


(f>r 


■Gr r W m n% /k {D) 

Res 


©I J\=T $ 


©! j,=r w m n\ j/k — ©,. 7|=r w m n- Bj/k . 


Here tf> r is the induced morphism of <j>. We have 4> r (u) = 0 because <j>(ui) £ 
PjW m Q* B / k (D) and r>j + 1. The image of u is mapped to 

{Uj)\j\ =r £ 0 Wm^Aj/k 
\J\=r 

by the residue isomorphism. 

For any J satisfying |J| = r, we obtain = 0. By (LZ05I . ker^j is equal 

to 

w m {ij)w m n\ j/k + dw rn {ij)w m n*- j ) k C w m ff Aj/k . 

We have Ij = AjHI via the canonical inclusion Aj C A. Then we see dlog Xj-ojj £ 
W m Q A / k (D) belongs to 

ker cf> = W m (I)W m rf A/k (D) + dW m (I)W m n*-/K D ) c W m Q\ /k (D). 

It shows <j)(u ! r ) = j|_ r 4>(d log Xj ■ luj) = 0. If we consider ui' := u> — ui r instead 
of w, we find that u/ has an expression of the form v |/_oo|>j e (£fc,'Pj k,V) and 
that <j>(w') £ P j W m n , B/k (D). It is clear that = • • • = u' d = 0. 

By descending induction on r, we find w is a sum of elements of ker <j>. □ 


Lemma 10.9. The residue isomorphism Res induces the residue isomorphism of 
overconvergent de Rham-Witt complexes: 

Res : G rj W*n% /k (D) -£ 0 W^il m ~f /k . 

\J\=3 
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Proof. Take a presentation 






■ A = k[Ti,... ,Tjv] 


B 


and consider the following commutative diagram: 

Gr 3 W^' B/k {D) G rj Wn% /k (D) ©, J|=i ^ 


GrjW^iD) 


■GrjWW A/k 


(D) 


Res 


©|J|=j W^Aj/V 


We prove that the map GrjW^fl* A ^ k (D) -A GrjW^fl* B ^ k (D) is surjective. It suffices 
to show that the map PjW^Q* A ^ k (D) -> PjW^Cl B ^ k (D) induced by q : Wfl* A ^ k (D) —» 
WQ* B / k (D) is surjective. 

Let Co £ PjW^flg, k (D). Since W^Cl* A ^ k (D) —> W^H B ^ k (D) is surjective, there 
exists an element w = ’Y Jkv ^{fk,v^k,'P) £ W^VL* a ,AD) such that q{u>) = u>. Set 


w i = J2k.v.\i- ao \<j e ^k.v,k,V) and uj 2 = J2k.v,\ i ^\> .j e (tk,v, k, V). Then we see 


wi £ PjW^Q A / k (D) and u = w\ +uj 2 . By Lemma 10.8 we get 5 ( 0 ^ 2 ) = 0. Hence we 


have q(ui) = q(u) = u>. This implies PjW^Cl A , k (D) -A PjW^£l' B , k (D) is surjective. 
Thus, we can assume I? is a polynomial ring A = k[Ti, ..., T/v]. 

In this case, the elements ui of GrjWQ A , k (D) is in GrjW^Q.\ , k (D) if and only 
if it can be written as a overconvergent sum of log basic Witt differentials e(£, k, V) 
such that | Too | = j. Hence 


Res : G rj Wn\ /k (D) ~ 0 WSl£ /k 


induces an isomorphism 

Res : GnW^n 


A/k 


(D) 


\J\=i 

© w ^Z j /k- 

\J\=j 


□ 


Theorem 10.10. Let t = 4d[log p dim HJ. Then the kernel and cokernel of the 
homomorphism 

■■ H\w^- B/k m 

induced by a are annihilated by p T . In particular, er* is an isomorphism if dim B < 

P- 

There is a rational isomorphism 

H? os - M w((X,D)/K) ~ H*(W'n% /k (D) ® w(k) K) 

between log Monsky- Washnitzer cohomology and logarithmic overconvergent de Rham- 
Witt cohomology. 


Proof. Consider the following commutative diagram: 




Res 


Res 


©Cl=i ^B\/w{k) 




Bj/k■ 
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Let k \= [logp dim B\. By (DLZllj Proposition 3.24, the kernel and cokernel of 

H ‘(n- s , /wm ) -> n\w'n- Bj/i ) 

are annihilated by p 2K G) where k( J) = [log p dim Bj\. Thus the kernel and cokernel 
of 

H\Gr^ /mk) {V))) H\Gr 0 (W^' B/k {D))) 

are annihilated by p 2K . Consider the following exact sequences: 
o-, p._&-~ yw{k) (V) -- P^^JV) -- Gr^^jV) -- 0 




0 


'•_! W*n% /k (D) - tPjWin^D) - ^Gr 3 W^* B/k {D) --M). 


It induces a long exact sequences of cohomology of chain complexes: 


H r {P,- ifi*- 




(V))^H r {Gr^\ 


m) 


— ^(P^W^^D)) H r (Pj W"t Ll B /h {D)) H r (G rj W^fi B/k (D)) — . 

By diagram chase and induction, we find that the kernel and cokernel of 

Hr ft Q h/w(k)<P» 

are annihilated by p a V) where a(j) = 4j [log p dim B\. Since Pd,^* B y w ^{P) = 


n- 5t/ww (®) and p d w ^% /k ( D ) = w ^%/ k (D), we get the claim. 


□ 


Proposition 10.11. Let C := B 


■t d 


and Y := SpecC. Let 


[h 


e : wsr B/k (D) wsr c/k , diogiu) ^ LL ^. td] 


td] 


d[ti\ 


be the canonical morphism induced by the universal property ofWfl m B ^ k (D). Then: 

(1) 9 induces a morphism 

& ■■ w^n% /k (D) —> w'or c/k . 

(2) O' induces an isomorphism of cohomology groups 

: H*(W^n% /k (D) ® W(fc) K) -»■ H*(W*n m c/k ® w[k) K). 

Proof. (1) Choose a presentation 

N d - ^k[T u ...,T N ] 


BP 


B. 


Then we have a presentation A' : fc[Tj,..., TV, <?] —> C induced by A and S i—>■ 
l/(ti • • ■ td). We obtain two surjective morphisms 


10.1 


T : ^ 7 \fc[T 1 ,...,T JV ],N' 1 )/fc ~ 1 *■ W£l B /h(D), 

r' ■■ wn- k[Tl! „ .,T N ,S]/k -+ wn- c/k . 

Let oj be any element of A* fc j Ti Tw j N dy k ■ Then as in the proof of Proposition 
w can be written as w = Xl/ C [i,<i](ILe.7 dlogXi)Qj where Oj £ W f ^*k[T 1 ,...,T N ])/k- 
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We set 


£5“ E n Uj . 

JC[M] VVieJ / / 


where Y = [5]. It is easy to see that 0(t(w)) = 

One finds w £ Tjv because we have 

II( F • A'; • • • .v, • • • .v,/ • dXO e w t fi2 [ T 1 ,... 1 7v,s]/* > e w^n,...,**]/* 


ie J 


and j Ti t n s]/fc a r i n S- Therefore 6* induces a morphism 

= W^% /k (D) -A Wt^ /fe . 


(2) A Frobenius map (in the sence of Definition 10.3) on B induces a Frobenius 


map on C := B [l/(ti • • • t<j)] • Hence we have a commutative diagram 

- wn% /k (D) 




D* 


wnr 


"Ct/W(*i) ' ,r “ C/fe- 

By (1), it induces the following commutative diagram 




Ct/W(fc) 




■ Wtfi 


C/fc' 


Tensoring with AT and taking cohomology, we obtain the following commutative 
diagram 

tffog- M w((^ £>)/*)-- H*(W^n% /k (D) ® W{k) K ) 


■H*(wirr c/k ® ww K). 


Hmw(Y/K) 

The horizontal arrows and the left vertical arrow are isomorphisms by Theorem 


10.10 and jDLZll] Corollary 3.25 and |Tsu99i l Theorem 3.5.1. Hence the right 
vertical arrow is also an isomorphism. □ 


10.3. Sheaf of overconvergent log de Rham-Witt complex. In this subsec¬ 
tion, we define the Zariski sheaf of overconvergent log de Rham-Witt complexes for 
smooth schemes with simple normal crossing divisor. 

Proposition 10.12. (cf. [ DLZ111 Proposition 1.2) 

Let X = Spec B be a smooth affine scheme and D a simple normal crossing 
divisor on X. We assume that there is a global chart a : —► M<x,d)■ Then we 
have a pre-log structure 

/? = &*: N d A M (x ,d)( X) —A O x (X) = B 

of B. Let D i,..., Dd be the irreducible components of D. We also assume that there 
is an etale morphism X A k = Spec k[T ±,..., T n \ such that w(Ti) = /3(e,;) =: 
ti £ B and that Di is defined by t j = 0 for 1 < i < d. We fix a nonnegative integer 
r. 
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(1) We denote by f £ B an arbitrary element. Then (3 induces a pre-log structure 
/3f :N d B —> Bf of Bf. The presheaf 

D(f) H- W'A\ Bt ^ )/k 

defines a sheaf on the Zariski topology on X. We denote by W'A.(x,D)/k,a this 
sheaf. 

(2) The Zariski sheaf W' h. r , x D y k Q is independent of the choice of charts a. We 
denote by W* X^ x D y k this Zariski sheaf. 

(3) The Zariski cohomology of the sheaf W'X[ x D y k vanishes in degree j > 0, 
i.e., 

A r (x , D)/k ) = 0. 


Proof. Let {fi}\—i be a finite family of elements of B such that fi generate B as an 
ideal. For 1 < i\ < • • • < i s < l, we denote by 11the intersection D(/ il )n- • -fl 
D(f ig ). For simplicity, we set B il ...i g := Bf { ...f is . We define a Cech complex C * = 
C-((X,D),a) by := W'A[ BNd)/k and := 0^,<„.<< ,<iW^ B Kd)/k . 
for s > 1. Then we see the filtration {Pj}j which we introduced in {10.2 induces a 
filtration on C *: 


PjC s 




,N d )/k' 


Set Gr.jC* := PjC*/Pj_iC % . Then one has an exact sequence of complexes 
0 -A Pj-iC' -> PjC * -rt GrjC* 0. 

By the Poincare residue map, one obtains a commutative diagram 


Res 


©|./|=i W ^B~U_ lj/k GrjC 


S — 1 


©l<ix<...<i,<Z ©|7|=i G ^° S - 


Here B il ... isJ denotes Bf ...f ig /{t ai ,... ,t aj ) of B for J = {on, ..., aij} C [l,d]. 

We see that 

0 0 W ^.., sj/ k " 0 &(SpecBj,W'n r -J /k ), 

l<*i<-<t,<2|J|=i \J\=j 

where C *(Spec Bj, W { if B f k ) is the Cech complex with degree s elements given by 
C s (SpecBj,W^ r -J /k ) = 0 U' T <V <A . 

l<ii<---<z s <Z 

Hence the Poincare residue map induces an isomorphism 

Res : G rj C s ^ 0 C s (Spec Bj, W^ r ~J /k ). 

\J\=j 


The boundary morphism of GrjC * is identified to the direct sum of boundary 
morphisms of {C*(Spec Bj, j\=j. It follows that GrjC* is exact by 

IDLZ11| Proposition 1.6. We find PjC * is exact by induction for all j. As PdC * = 
C\ we get (1). 
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We prove (2). Let a' : 

WA (b,- WA (B,K*,f) al )/k Proposition-Definition 
We set B'j := B/(t' ai for J = {op,..., ay} C [1, d\. Since Bj ~ Bf, we see 


M.(x,d) be another chart. We have an isomorphism 

Let t\ := /3 a '{e.i). 


3.10 




j/k 




r—j 


for all 1 < i\ < ■ ■ ■ < i s < l. Hence we obtain an isomorphism GrjC*({X,D),a ) ~ 
GrjC*((X, D), a'). Using the exact sequence and induction, we see that 


C t ((X,D),a)~C‘((X,D),a'). 


This shows (2). 

(3) is deduced from the exactness of the Cech complex and Cartan’s criterion 
( |God58j . Theoreme 5.9.2), which allows us to compute the Zariski cohomology of 
the sheaf of abelian groups n y k via Cech cohomology in our situation. □ 


Definition 10.13. Let A' be a smooth scheme over k and D be a simple normal 
crossing divisor on X. Then for any point x of A, there is an affine neighbourhood 
U of x in X such that the log scheme (t/, D\jj) admits a chart of the form —> 
Xi(u,D\u) for some d (cf. [Kat89| . { 8.1) and that there is an etale morphism U —> A k 

for some n. _ 

By Proposition 10.12 
Zariski sheaf A r , 


the Zariski sheaves A^ D yy k glues together to give a 


(X,D)/k- 


We call W^A* y D y k the sheaf of overconvergent log de Rham-Witt complexes. 


10.4. Comparison with rigid cohomology. We generalize our results to global 
cases. Let A be a smooth quasi-projective variety over a perfect field k and D an 
SNCD of X over k. Let j : Y := X \ D ^ X be the canonical open immersion. 
We have the overconvergent de Rham-Witt complex W'Yl Y y for a smooth variety 
Y ( iDLZllj §1), and the overconvergent log de Rham-Witt complex W* A* x D y k 
for a smooth variety with SNCD. The canonical morphism W A* x D y k —> j* wn- Y/k 
induces the map A* x D y k —> j*W^£l Y , k . Davis-Langer-Zink defined a map from 
the rigid cohomology to the overconvergent de Rham-Witt cohomology 


®Prig(U/A) —> RT Zar (Y,W^ /k )®K 


and showed this is a quasi-isomorphism when Y is smooth and quasi-projective over 
k ( [DLZ11 Theorem 4.40). 


Lemma 10.14. We have a canonical morphism 

RT Zar (A, W^Al X D)/k ) MT Zar (y, W^ff Y/k ). 

Proof. Take a quasi-isomorphism W'Yl Y j k —> I* to a complex of injective abelian 
sheaves on Y. Applying j*, we have a natural map j*W'fl Y , k —> M.j^W^fl. Y / k . The 
morphism we want is the composition 

r : KT Zar (A, A* X D y k ) -> MT Zar (A, j* Yl Y/k ) 

^ K.r Zar (X,Rj.W'QZr /k ) 
~MT Zar (y,W^ /fc ). 

□ 
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By this lemma we have a diagram 


Rrzarpf, W*A\ XtD)/k ) ® K 


Rr rig (y/it)i fz- Kr Zar (y, w^rr Y/k ) ® k. 


We show that the vertical arrow is a quasi-isomorphism. Take an open covering 
{X*} ie j of X by affine schemes X 1 = Spec A 1 which satisfy the following condition: 
There is an etale morphism X 1 —»• AP and := X* H D is defined by t\ • • • t a = 0 
for some s < ry, where tj is the image of Ti of A[; in A 1 . A 1 has a smooth lifting 
A 1 over W(k) which has an etale morphism X 1 = Spec A 1 —> such that D l 

defined by t \,..., t s is a lifting of D l . 

For a subset iC/we set X- := A'*, D- := X- n D, Y- := X 1 \ ZX. Since 

X is quasi-projective, each X- is a smooth quasi-projective affine scheme and it 
satisfies the condition indicated above. We form a simplicial scheme X* by X n := 
X' x x ■ Xj X' (n-times), where X' := U; e /X\ The simplicial scheme Y* is 
defined in the similar fashion. 

Consider the following commutative diagram of simplicial schemes: 


V-^Y 


X* 


>- X. 


This diagram induces the following diagram: 

W*k*x,D)/k ^ D .y k ) < 8 > K 

V 

MWli%r /k ) <8 K R0 X *(U*)*W ® K 

Y 

® K (8) K <g> X. 

By Proposition [TorT] we see 

®^# t A(x., fl . )/k ) ® K -»■ ® A ' 

is an isomorphism. 

Since X* is an affine simplicial scheme, we conclude = 0 for all 

q > 0 and all r. Hence we have (j')*W^Qy./ k — 

Hence we find the morphism 

W^A\ x ,D)/k ® K ® K 

is a quasi-isomorphism. Therefore, we get the following comparison theorem. 

Theorem 10.15. Let X be a smooth quasi-projective variety over a perfect field k 
and D be a simple normal crossing divisor of X. Then we have an isomorphism 

H; ig (F/X)^H* Zar (X,WtA^ ,D)/k ®w(k) K). 
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